
UNCLASSIFIED

AD NUMBER

ADB043539

NEW LIMITATION CHANGE

TO
Approved for public release, distribution
unlimited

FROM
Distribution authorized to U.S. Gov't.
agencies only; Test and Evaluation; Dec
1979. Other requests shall be referred to
U.S. Army Armament Research and
Development Weapons Systems Lab., Dover,
NJ 07801.

AUTHORITY

USARDC ltr, 10 Apr 1984

THIS PAGE IS UNCLASSIFIED



I ,•.'•.•,, .... 
"~ ~~,~, • -mu.wr .. . : - .. . i

M iI

I"AUTHORITY /;O

Miiýý,t~ 
2s~in4WAAm



IrII

PAD-O400 364

TECHNICAL REPORT ARLCD-TR-79030

FUZE GEAR-TRAIN ANALYSIS

G. G. LOWEN

"CITY COLLOGI OF NEW YORK

F. R. TEPPER
ARRADCOM D D C

DECEMBER 1979 B

US ARMY ARMAMENT RESEARCH AND DEVELOPMENT COMMAND
LARGE CALIBER

WEXPON SYSTEMS LABORATORY
DOVER, NEW JERSEY

C:0., Distribution limited to us Government axencies only beceuse of test i
C. ) and evgluation, December 1979. Other requests for this document

must be referred to Commander, ARRADCOM, ATTN: DRDAR-TSS,
a.t. Dover, New Jersey 07801.

',,,; COPY AtM;ID T0 DDC CONTA I A



The views, opinions, and/or findings contained
in this report are those of the author (o) andI should not be construed as an official Depart-
ment of the Army position, policy or- decision,
unless so designated by other documentation.

Destroy this report when no longer needed. Do
not return to the originator.

:mercial firms or commercially available pro-
ducts or services does not constitute official
endorsement or approval of such commercial
firmv, produceta, or services by the United States
Government.



DISCLAIMER NOTICE

THIS DOCUMENT IS BEST QUALITY
PRACTICABLE. THE COPY FURNISHED
TO DDC CONTAINED A SIGNIFICANTNUMBER OF PAGES WHICH DO NOT

REPRODUCE LEGIBLY.

M4

1'

VI,1



19CU PITY CLASIFWICATION Of THIS PA09 (101hn nag& Enerd

REPO ! CUMAENTATION PAGE BEFORE COMPLE~TING FORM

Technical Ileport AC1.CL'OO hUMOUR

Fuze (Gear-TrninA~nnlsi

L __ ..- _ . 4 PERFONRiINO 0RO, REPORT NUMNSPR

7. S.COTAC O RAY ft~~t.

G. G. LWen CitY College of Now York
F. R. ARRADCOM'L ~ AME ND AORVA A. G9.AKLKSN7P 4CI, YAII(

NAMECOANDOLLINO OPPICE NAME AND ADOREEI

Commander, ARRADCOM n~~ 7

TSD, STINFO (DRDAR-TSS)
Do~rr.NO7RO ___________________478

90 4 AWLM difRK laW)I , a liats , Coelten n onfi Ofliel') Is, SICURITY CL At$,@ tisU MWor)

lUnolaasif led ______

Distribution limited to U.S. Government a1gencies only because of test and
evaluation, December 1979, Other requests for this document must be referred

to Commander, AR.RADCOM, ATTN, I)RflAR-ThSS Dover, NJ 07801.f

JAN 20

It. KEY WORDS (continue an tevoraside it,1 mneo~a~wy wad Identify. bp. block nme) ZQ

Clock gear SafinR and ariiinp,
Involute guar Timing

TO, Aý AT"ACT (Cesirthig s pey~e" litili l# mw maeasa a dnt ga ti~p by' Mlasi nabef)

..................This report documents the development of the tools needed to compare the
efficiency of fuze-reiat'ed gear trains designed to operate in a apin environ-
ment. Computer models have been developed for two and three pass step-tip
designs with clock (ogival) and involute toot~h shapes. l7iting Appropriate
moment input-output relationships, the computer programs develop Point arid
cycle efficiency for each type of genr train. Pivot friction pnrtlially caused
by centrifugal force on the gear and pinion combinations during npiTI, nnd

DD AMORM 1473 t DiTiON OF I NOY 66 I ODSOLEKTZ ICAS~E

SECURIY CLASSIFICATION OF THIS-AGE Il" O

zz)

./A



UNCLASSiT'1 ________

89CUNITY CLASSUVICAT1I@N OF TISt PA09(1Phwt D fiog.b*~d

*120, Abstrac~t (continued)

-. p-tnoth-to-tooth contnet frictlon nre ronsichtred. All modelm allow a
vartety of paralmeter varlations.

I, IN,.TI I

SECURITY CLASSIFICATION OF NHIS PAOKEW?,.r, Date AnIt~rod)



TABLE OF CONTENTS

P N

Introduction I

Point Efficiency and Cycle Efficiency 2

Description of Study 3

Appendixes

A Step-up Gear Trains with Involute Teeth A-1 A

B Design of Unequal Addendum Involute Gear
Sets with Standard Center Distances B-i

C Computer Models for Step..up Gear Trains with

Involute Teeth C-1

D Geometry of General Clock Gear Tooth D-1

E Kinematics and Moment Input-Output
Relationship for Single Step-up Gear
Mesh with Clock Teeth E-1

F Computer Models for Single Step-up Gear
Mesh with Clock Teeth F-1

G Kinematics of Two and Three Step-up Gear
Trains with Clock Teeth G-1

1H Moment rnput.-Output Relationships for Two
and Three Step-up Gear Trains with Teeth
Operating in a Spin Environment H-1

I Computer Models for Two and Three Step-up
Gear Trains with Clock Teeth Operating in
a Spin Environment I-1

Distribution List ACC-IION for
NTIS WhIte 3ection 000

DDC Buff Section
UNANNOII0r[D0
JUSTilICA1ION

..................... ... ...

NY
UISJOUTIONfAVARABILIP L OKtS

ist. AIL.nd .. Liz



LIST OF TABLES

Table Title Page

H-I P~ossible Combinations of Phases H-2

for Tkree Pass Step-up Gear

Train as Shown in Pigure 31-1

H-2 Possible Pombinationt uf P.'a-seo H-3
for Two Pass Step-up C, :.r
Train as Shown in Figure A-10

A,,

Y11

s

-Vi

. .. . . . . . .. . .. . . . .. . . . .. . .f

I" : • i' :/'': ~f''•'' • i' i i ~~ii ••'• • 'u'•'•'u•t•....... ' ..... ' ...... •""•":"•' :'°•'''k•' . ' • ,,L..;• •.•, •......',[,,-.';;•.•,'. '•' ..... '•:,• •'., •.'• •'I



LIST OF FIGUJRTS

Figure Title Pag

A-1 Determination of Direction of Con- A-2

'Cact Friction Forces by Velocity

Analysis

A-2 Free Body Diagrams of Pivot Shafts A-5

A-3 Moments due to Friction Components A-?
Always Oppose Motion

A-4 Free Body Diagram for Single Step- A-1O
Up Involute Gear Mesh

A-5 Basic Configuration for Involute A-19

Three Step-Up Gear Train in Spin
Environment

A-6 Free Body Diagram of Pinion 4 A-21

A-7 Equilibrium of Gear and Pinion A-28

SSet No,3
ii A-8 Fee Body Diagram of Gear and A-35

Pinion Set No.2

A-9 Free Body Diagram of Gear No.1 A-42

A-1O Basic Configuration for Involute A-48

Two Step-Up Gear Train in bpin

Environment

A-I1 Free Body Diagram of Pinion No.3 A-49

A-12 Free Body Diagram of Gear and A-56

Pinion Set No.2

A-13 Free Body Diagram of Gear No.1 A-64

A-14 Pivot Hole Relationships A-7O

V



Figure Title PagMe

A-15 Involute Mesh Geometry A-75

B-1 Relationship between Pinion Pitch B-4

Radius rpRack Cutter Addendum A
and Resulting Pinion Root Radius rr

B-2 Minimum Root Radius rrm for Rack B-5

Cutter with Sharp Corner

B-3 Rack Cutter with Corner Radius r 0  B-6

(E'ffective Addendum of Cutter is

Decreased)

D-I Geometry of Ogival Tooth D-2

Round on Round Phase of Contact E-2

(Gear Drives Pinion)

E-2 Round on Flat Phase of Contact E-11

(Gear Drives Pinion)

F-_ Sensing Geometry for Contact of E-19

Subsequent Tooth Mesh

E-4 FlJt of Gear Contacts Round of E-23

Pinion

E-5 Free Body Diagram for Round on E-27

Round Phase

E-6 Free Body Diagram for Round o:, E-34

Flat Phase

G-1 Basic Configuration for Ogival G-2

Three Step-Up Gear Train in

Spin Environmont

G-2 Round on Round Phase for Mesh No.l G-5

G-3 Round on Flat Phase for Mesh No.l G-13

G-4 Round on Round Phase for Mesh No.2 G-24

G-5 Round on Flat Phase for Mesh No.2 G-31

III
-. - AaiF,.ytL. -IL~I-- I



Figure Title

H-i Free Body Diagram of Pinion No.4 H-?

[vesh No.5:Round on Round

H-2 t'ree Body Diagram of Gear and H1-12

Pinion No.3

Mesh No.3: Round on Round

Mesh No.2: Round on Round

h-3 Free Body Diagram of Gear and Pinion H-19

No.2

Mesh No.2: Round on Round.
Nesh No.l: Round on Round

H-4 Free Body Ditigram or Gear No.l H-26

Nesh No.l: Round on Round

H-5 Freee Body Diagram of Gear and H-32

Pinion No.2

Mesh No.2: Round on Round

Mesh No.l: Round on Flat

H-6 Free Body Diagram of Gear No.l H-39

Mesh No.l: Round on Flat

H-7 Free Body Diagram of Gear H-45

and Pinion No.

Mesh No.3: Round on Round

Mesh No.2: Round on Flat

H-e Free Body Diagram of Gear and H-52

Pinion No.2

Mesh No.2: Round on Flat
Mesh No.l: Round on Flat

H-9 Free Body Diagram of Gear and Pinion No.2 H-60

Mesh No.2: Rounc on Ylat
Mesh No.l: Round on Round

i,



Figure Title Pag

H-iO Free Body Diagram of Pinion No.4 H-68

Mesh No.3: Round on Flat

H-II Free Body Diagram of Gear and H-74

Pinion No.3
Mesh No.3: Round on Flat

Mesh No.*: Round On Flat
H-12 Free Body Diagram of Gear and H-83

Pinion No*3
Mesh No.3: Round on Flat

Mesh No.2: Round on Round

H-13 Free Body Diagram of Pinion No.3 H-94

Mesh No.2: Round on Round

H-14 Free Body Diagram of Pinion No.3 H-103

Mesh No.2: Round on Flat

• *...........,.' .. "



INTRODUCTION

This project provides the computer programs needed to compare

the efficiency of fuze-related gear trains operating in a spin

environment. Specifically, two and three pass stop-up computer

models with both involute and ogival (clock) tooth shapes were

developed.

By using appropriate moment input-output relationships, the

computer programs allow the determination of point and cycle

efficiencies. Pivot friction, partly due to the centrifugal

forces on the gear and pinion combinations, is considered in

addition to tooth-to-tooth contact friction. The models derived

allow a wide variety of parameter variations.

The main body of this report consists of nine appendixes,

each of which contains a detailed analysis of each combination

of tooth forms, the number of passes, and the spin environment,

The derivation of moment relationships, pivot friction, gear

tooth geometry, and the direct-contact mechanism kinematics are

also included, The computer programs used are listed and instruc-

tions in their use and in interproting the results are given,

""o M
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POINT EFPICIENCY AND CYCLE RFPICIENCY

The point efficiency cp is defined as

MoREF
p (1)

where Min represents the instantaneous input moment to the

gear train. MoREF stands for the instantaneous equilibrant

output moment Mo after it has been referred to the input shaft

by way of the instantaneous angular velocity ratio

KRTIO . (2)

In the above,
- instantaneous angular velocity of the output gear

.= instantaneous angular velocity of the input gear

Equation 1 then becomes

Mo
Cp • KRATTO Min

The cycle efficiency sC represents the ratio of the work

available at the output shaft to that done by the input

moment during one tooth cycle of the input gear. Thus,

fM d~fMo ,
O 1/Mmin do (4)

The quantities do and do represent infinitesimal rotations

of the output and input gearsrespectively.

2
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V

DESCRIPTION OF STUDY

Appendix A

Appendix A furnishes the background, as well as the deriva-

tions, for the moment input-output expressions for two and three

pass step-up gear trains (where in each mesh the gear is the driver)

with involute teeth and unity contact ratio.

Section 1 shows the development of a sign convention for the

direction of the contact point friction force, It is based on the

direction of the relative velocity between the contact points on

the gear and pinion teeth. Section 2 discusses how to deal with

the normal and friction forces at the gear and pinion pivots of

single and multiple mesh trains. Section 3 shows the application

of the above results to the moment input-output analysis of a

single mesh. The frame is assumed stationary for this case, and

the external loads are confined to the driving input moment and the

equilibrating output moment.

The basic geometry of the three pass step-up gear train,

mounted on a rotating fuze body, is formulated in section 4 for

use in the moment input-output analysis. Force and moment equilibria

of the individual component gears, which also account for the cen-

trifugal forces, lead to the desired expression. Section 5

includes a similar derivation for a two pass step-up gear train with

3
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involute teeth. In order to be able to continuously compute the

moment relationships for these trains, a method for determining

the simultaneous locations of the contact points of all the meshes

had to be worked out. Such a method is given in section 6 to-

gether with certain angular relationships of the pivot locations

on the model fuze body.

The kinematic relationships in involute gear trains are

relatively simple compared to those in ogival trains because of

the constant transmission ratio and the invariant direction of

the line-of-action in each individual mesh.

Appendix 8

To avoid the severe undercutting of pinions which generally

is associated with step-up gear meshes, it is necessary to use non-

standard involute gearing. Appendix B shows both the theory and

the necessary steps for the design of unequal addendum gears and

pinions of unity contact ratio. In addition, a numerical example

is given.

Appendix C

This appendix contains four computer programs which make it

possible to determine the point and cycle efficiencies of three

gear combinations containing unequal addendum involute meshes with

4
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unity contact ratio. rn each case, the structure of the program is

thoroughly discussed and a sample run is used to interpret the

results. The names of these programs and their relationship to

work described in the other appendixes are given below:

1. Program INVOL 1 : Design of unequl addendum in-

volute gear and pinion net with

unity contact ratio.

This program is based on the work
in Appendix B.Five sample computa-
tinns,which are used in other pro-
grameare shown.

2. Program INVOL 2 : Point and cycle efficiencies for
single pass involute step-up gear
mesh with unity contact ratio, •

This program is based on the
work in section 3 of Appendix A,

3. Program INVOL 3 : Point and cycle efficiencies for

three pass involute step-up gear

train in spin environment.(All
meshes have unity contact ratio).

This program is based on the
work in sections 4 and 6 of Appen-
dix A.

4. Program INVOL 4 : Point and cycle efficiencies for
two pass involute step-up gear

train in spin environment.(All

meshes have unity contact ratio).

This program is based on the
work in sections 5 and 6 of Appen-

dix A.

. .,.

I*WJ4 I~i~



Appendix D

This appendix, describes the geometry of an ogival tooth in

which each side of the tooth profile has a circular arc blending

tangentially into a radial straight line flank* The basic

tooth nomenclature is defined and methods for determining the

required tooth parameters are given*

Appendix E

Section 1 of Appendix E gives all necessary kinematic deri-

vations for a single step-up mesh with ogival teeth, The motion

of an ogival mesh consists of two phases. On first contact, the

circular arc portion of the driving gear tooth makes contact

with the circular arc portion of the driven pinion tooth. Later

in the oycle~and up to the point of final disengagement, the

ci'oular arc portion of the gear tooth contacts the straight

line portion of the pinion tooth@ These phases of motion were
named `round on round " and "round on flat," respectively#

Equivalent four-link mechanism models were used for both re-

gimes to obtain expressions for the pinion output angles,for

transition angles,for output angular velocities and for contact-

point relative velocities. In additiona sensing expression

was developed which allows the computer determination of that

position of a given mesh at which the subsequent mesh comes

into engagement. (Because of the variable transmission ratio

of ogival meshesothere is only one set of teeth in contact at

any one time).

6l
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Section 2 of this appendix shows derivations of moment in-

put-output expressions for both phases of contact of a single

ogival mesh. Againwhile pivot friction is considered in addi-

tion to contact friction, the frame is assumed to be stntio-

nary for this single mesh.

i: Appendix F

Two computer programs which deal with the kinematics and

the moment input-output relationships of a single pass step-

up gear menh with clock teeth are given in this appendix.

The structure of each of these programs is again discussed

in detail and sample runs are used to explain their input

and output parameters. The names of these programs and their

relationships to work in other sections are given below:

1. Program CLOCK 1 : Kinematics of a single step-up
gear mesh with clock
teeth.

This program is based on work

in Appendix D as well as on work
in section 1 of Appendix E. In
additionit has been used to check
tho geometry of the ogival meshes
which were used in programs CLOCK 2,
CLOCK 3 and CLOCK 4 (See Appen-

dix I for the latter two).

2. Program CLOCK 2 z Point and cycle efficiencies for

single pass step-up gear mesh with

clock teeth.
This program is based on work in

section 2 of Appendix 9,

7 a



Appendix G

When one considers the kinematic relationships of ogival

mejhes which are mounted on a fume body as parts of two or

three pass step-up trainsit becomes necessary to account for

the relative positions of the individual meshes on the fume

body. Appendix G gives the appropriate derivations for each of

the three meshes of a three-pass train. The model of the fuze

body is identical with that used for involute step-up trains.

Apkendix H

This appendix shows the derivations of moment input-output

expressions for two and three pass step-up gear trains with

ogival teeth which must operate in a spin environment.

Because of the increase in rotational speed associated with

each tooth mesh,increasingly more sets of teeth will come into

engagement in the second and third meshes as one set of teeth

moves through one complete contact cycle in the first (i.e.)

the input) mesh. With two phases of motion for each meshthere

will be eight contact combinations in a three-pass train.

8ection I of Appendix H gives a derivation for the moment

input-output expression of each of these eight cases.

bection 2 shows similar work for the four contact combinations

which are associated with two pass step-up gear trains with

ogival teeth.

Both analyses account for the effects of the centrifugal

forces.

,p,'a ,



A ppendix I

This appendix contains two computer programs which allow

the determination of point and cycle efficiencies for two

and three pass step-up gear meshes with clock teeth. As for

other programs,the origins of their mathematical formulations

are thoroughly discussed. In addition,their input and output

parameters are explained with the help of a sample run. The

names of these programs as well as their relationships to

work in other appendixes are given below:

1. 29rogrem CLOCK t Point and cycle efficiencies for
three pass clock (ogival) step-up
gear train in spin environment.

This program is based on work
given in Appendix G as well as in
section I of Appendix H, The general

fuze geometry is that described in

section 6 of Appendix A.

2. Program CLOOK 4 : Point and cycle efficiencies for

two pass clock (ogival) step-up
gear train in spin environment.

The kinematics of this program
is again based on work given in

Appendix G. The moment input-
output relationships are from
section 2 of Appendix H.

L9
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APPENDIX A

STEP-UP GEAR TRAINS WITH INVOLUTE TEETH

1. DIRECTION OF FRICTION FORCE AT TOOTH-TO-TOOTH CONTACT

Figure A-1 uses the base circle and the line-of-action con-

figuration of an involute mesh, in which the gear drives the pinion,

to determine the direction of the friction forces at contact point C

before and after the contact point passes through pitch point P.

Distance d represents the length of the line-of-action between base

circle tangent points L and L', The distance between contact point

C and point 1. ao;,g the line-nf-action is measured by length a,

Further;

8 u actual Crolltig) pressure angle

Rb S gear base tadius

rb * pinion base radius

The friction force of the pinion tooth on the gear tooth, for

example, will have the direction of the relative velocity, /
C C

P g

of the contact point on the pinion tooth, C., with respect to the

coincident contact point on the gear tooth, Cg. CThe friction force

of the gear tooth on the pinion tooti has the opposite direction,)

This relative velocity changes direction at the pitch point, where

it becomes instantaneously zero,

A-1
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Figure A-1 shows contact before the pitch point (during

approach). To obtain the direction of the relative velocity)

VC /Cg)by a graphical analysisone makes use of the velocity

equation

where 'VC velocity of point C on pinion tooth with

direction normal to line 0n - C

V/C relative velocity between point C and point

C The direction of this velocity is normal

to the line of action.

m velocity of point C5 on gear tooth with

direction normal to line 0 C. The magnitude

of this velocity was arbitrarily chosen.

The graphical, construction, according to Eq (Al), shows

that VCO has the direction opposite to that of the unit

vector T# shown at point ON. An stated earlierthis represents

A-
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the friction force on the gear tooth during approach.

Figure A-Ib shows the same graphical analysis for contact
during recess. Once the pitch point is passed, both the
relative velocity, Va /c eand the friction force of the
pinion on the gear have the direction of the positive unit

vector

A-4



2. ASSUMPTIONS CONCERNING NORMAL AND FRICTION

FORCES AT PIVOTS

Direction of
Motion

)(. 
X

I' '~

p..
Sa. b,

FIGURE A-2 FRI4-BODY DIAGRAMS OF PIVOT kHAFTS

Figure A-2a shows a pivot shaft which is loaded by a

known external force, W, and rotates in a clockwise

direction. Due to friction between the shaft and the bearing,

contact is made at an angle,# a tan-Im, where P is the

associated coefficient of friction. N is the normal contact

A-5
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force. The friction force F pN opposes the clockwise

rotation by creating a counterclockwise moment.

N may be resolved into the components Fx and F.0 The associated

x and y components of the friction force are ,Fy and 14FX, respectively.

The directions of the components of N and F f are drawn 'I

in the same manner in Fig. A-2b in a somewhat more convenient

representation. When the direction of the resultant external

force,Wis not known, contact is possible anywhere on the

periphery of the bearing and the components Fx and F of the
y

normal contact force cannot be drawn with certainty in the

free body diagram. The direction of the friction components

must still oppose the motion.

Figure A-3 shows two general possibilities of

drawing the free body diagram of a pivot which rotates in u

clockwise direction. In either case, the moments of the friction

cotiLponents oppose the rotation whili Fx and Fy may be positive

or negative. Assume now, for example, that Fig. A-3a shows

the wrong direction for FX and that the solution of thle

applicable equilibrium equation will reverse the sign of FX.

This wilJ automatically reverwe the sign of Uhe friction

component uFx also. Since contact is now made on the opposite

A-6



F 
y

FM

yy

a . b .

FIGURE A-3 MOMENTS DUE TO FRICTION COMPONENTS
ALWAYS OPPOSE MOTION .i

side of the pivot, the correct sign of the frlrtion component •~

is automatically assured, •

The total friction moment then is expressed by

722Z =Jrs + F (A-2)

where P is the pivot radius. The sign of the above is chosen

so that the rotation is opposed. In case Fr and F

contain required terms that cannot be factored out of the

square root of equation (A-2), the friction moment is conservatively

overstated by the use of the absolute values of F and F

A-?
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Mf AP MP(FI + 1I. (A-3a)

If the expressions for Fx and F consist of sums ofx y

positive and negative terms, then Fx and F are presented asx y

the sums of the absolute values of these terms. A conservative

pivot friction moment becomes, similar to equation (A-3a),,

M1f = +. r + (A-3b)

The tildes represent the sums of the absolute values of the

component terms.

A-8
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3. MOMENT INPUT-OUTPUT RELATIONSHIP FOR SINGLE STEP-UP

GEAR MESH WITH INVOLUTE TEETH

Figure A-4 shows free body diagrams of the gear and the

pinion of a single mesh where the gear is driven by a

nounterclockwise input moment MW It is desired to find

the equilibrating output moment Mo.

a. UNIT VECTORS

The unit vector directed from point 0 N to point L is

given by

n sinol + cosij (A-4)

where 0 represents the actual pressure angle, regardless of

tooth modification. The unit vector dirocted along the line

of action from point L to point L' is given by

"•OT -cosel + sineT (A-5)

A-9
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I I

b. NOMENCLATURE AND SIGNUM CONVENTION

FxN' FYN x and y components of normal force acting on

gear pivot

MFxN, MFyN * friction force components acting on gear

pivot. Directions chosen to result in friction

moments which oppose motion. (See part 2).

Fn, F u x and y components of normal force acting onxn yn

pinion pivot

,AF, •Fyn u friction force components acting on pinion pivot

A coefficient of friction

Fc * normal contact force between gear and pinion.

The force of the pinion on the gear is (-)Fc•GT J

while the normal force of the gear on the pinion

becomes F.c WOT.

AF u tooth contact friction force. The analysis in

Section 1 shows that the friction force of the

pinion on the gear, before the pitch point, aots

in the direction of (-)Eo. Therefore

-saF I = friction force on gear with

a a +1 for a < • (approach) (A-6)

A-i 11
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and

a . -1 for a >r (recess) (A-?)

while

a a 0 for a = -p (at pitch point) (A-8)

Further,

'N' Pn u gear and piniorn pivot radii

Rb, rb * gear and pinion base circle radii

A-1 2
I'L___
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C. FORCE ANALYSIS OF THE GEAR

By inspecting Figure A-4, one sees that force equilibrium of

the gear is expressed by

-F ~FWT -SF 11 -FN" )AF 1 ~ + 71 AF~ (A-9)xN xT yNJ yN'

Similarly, moment equilibrium of the gear is given by I

Min " N A -F + F + x + (R +

x (-)saF 0 W9  = 0 (A-10)

Note the use of equation (A-2) to express the friction moment

Sat the gear pivot,

With the help of equations (A-4) and (A-5) one may write

equations (A-9) and (A-1O) in scalar forms Thus,

FccoSe - AsFsCine - FxN - MFyN 0 0 (A-11)

-Fcsino - AsF0 cosa + FyN -FxN 0 (A-12)

A-13
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Equation (A-10) becomes

n- + - R IP0 (+A-13•)

Simultaneous solution of equations (A-11) and (A-12) for

FxN and FyN gives

FN( - M 0)cosG - (A-14)
1+

and

yN , F - / sn + 0(1 4 s (A-15)

When the above expressions are substituted into the moment

equation (A-13) and it one notes that s2 always equals ÷1,

the following expression for Fo is obtained:

-o= . . .. ~ a..) (A-1 6)
0 b + 'A(P N a s )

A-i14



d. FORCE ANALYSIS OF THE PINION

Force equilibrium of the pinion is assured by

Fc-4 + A aFjn + Fy I F T OAFx - 7OcT Cn n - xn - yn

$(A-l?)

while moment equilibrium is given by

MI + P n n + -rbe - (d - xo x + 7y OT1
(F 7T1o + •spoIO j 0 ( -8

c OT C 0

In scalar form, the above become

-F cose + /LSFS&iln + Fxn F 0 (A-19)

F sine + %sF cose - F- 0 (A-20)

V 0- + Fy - rbF. + An(d-a)Fc 0 (A-21)

A-i5



Equations (A-19) and (A-20) are now solved simultaneouslyh

for F xn and Fn* This given

22

and

12•.

Equations (A-22) and (A-23) are then substituted into

the moment equation (A-21)o This furnishes the following

Sexpression for the normal contact forceyI. ( Again, a2 always

equals +1,) :

Fr 0 . 9 ...- (A--24)
rbD A[Pn + .(d- )

A-16



e. N INPUT-OUTPUT RELATIONSHIP

The equilibrant momentMolmay be expressed as a function

of the input moment,Min',after equations (A-16) and (A-24)

have been set equal to each other. Thus,

M +e(d_-2.
Mjin lIrb " M[Pn ÷ sa] (A-25)Mo = Rb + -[N sa]

The input-output relationship may also then be expressed in terms of

r
Mo !"Iin -- Ea (A-26)

Rb

P 4 s(d ma)
Ln

rb
where , = -b

1 +... 
.

Rb

snJ ropzesents the efficiency of moment transmission of a

single step-up mesh with inivolute teeth,

A-i?
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vii

4. MOMNT INPUT-OUTPUT RELATIONSHIP FOR THREE STEP-UP GEAR
TBAIN IN SPIN ENVIROINBENT

Figure A-5 shows the basic configuration of the three

stop-up gear train for which the relationship between the

equiliorixnt output moment Mo0 , acting on pinion 4, and the

input moment Min, acting on gear 1, is to be found.

The body-fixed x-y coordinate system has its origin at

the spin axisC4of the fuze body, and its x-axis coincides .Al

with the line C-O0, where 01 represents the pivot axis of the 'I

input gear-spin rotor combination. Points 0, 03 and 04

represent the pivot axes of gear and pinion no. 2, gear and

pinion no. 3, and Pinion no. 4,respectively. Further,

i distance from the spin axis to the various pivot axes

Rbi % base radii of gears

rbi = base radii of pinions

01 a angle between positive x-axis and line of centers 01-0,

= angle between positive x-axis and line of centers 0.-0a

l3 =angle between positive x-axis and line of centers 03-04

Y angle between positive x-axis and lines C-O0

A-18
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1 = pressure angle of mewh between gear no. I and pinion no. 2

02 = pressure angle of mesh between gear no. 2 and pinion no. 3

03 C pressure angle of mesh between gear no. 3 und pinion no. 4

To obtain the moment input-output relationship of the total

train, the input-output relationships of the individual

components must first be obtained. The following equilibrium

ý,nalyses include pivot as well as contact friction forces, in

Addition to loade due to the centrifugal forces on the

individual components. The directions of the tooth-to-tooth

friction forces are chosen according to the rulen of Section I

of this appendix, using an appropriate signum convention. The

direction of the pivot friction forces is chosen according

to Section 2 and, to avoid difficulties with the direction

of the assogiated friction noment, equation (A-3b) will be used,

a. 3JLIBRIMM Of.PVO 4

Figure A-6 shows a free body diagram of pinion 4. The

contact between gear 3 and pinion 4 is ahown bafore contact

point C, has passed through pitch point P3 6 The unit vector 'K

is along the line-of-action in the direction of the contact

force of the gear on the pinion.

A-20
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Thus,

34 ein( 3 + 3) " cOs(B3 + 03)3 (A-a7)

The unit vector normal to the line-of-action is given by

nN3 4+ cos(% + ~3) + n(g3 + 03)3(-)

The contact force T then becomes

134 = F34 34 (A-29)

The friction force of gear 3 on pinion 4 is given by

•f34 s3 F34 3I34 (-0

where s3 +1, for contact before the pitch point

0, for contact at the pitch point

a3 = -1, for contact after the pitch point

(see also Section 1.)

A-22



The normal forces on the pivot shaft are given by

T = ~ Fx (A-31)x4 X4

and

F = P(A-32)y4 y4 j

The associated pivot friction forces are given by AFX4 j and

Fy i for the indicated direction of rotation. The centrifugal

force on the pinion is representod by

T T4 (oosv4  + Tmn 4 3) (A-33)

where

T m (A-34a)

with

-= spin angular velocity (A-34b)

and

m4 mass of pinion 4 (A-340)

4

The force equilibrium equation is given by

F34 N34 + P ,F 3 4 EN34 + T4 (cosy4 1 + siny4 3) + Fx4

+ ;Fy4 + MFx4 FA- = 0 (A-35)

A-23
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Moment equilibrium is given by the following expression, in

which the pivot friction moment is expressed according to

Equation (A-3b):

-4 P~ + rF ( a )F
"0M4 FX4 + A) + rb4F34 3 3s3(d

a 0 (A-36)

where p4 represents the pivot radiuP, d is the length of the
P4 3

line-of-action of the mesh from points of tangency to the base

circles, a& is the distance on the line of action from the

gear point of tangency to the contact point C .3

Equation (A-35) given the following component equations:

F3 4 sin( P3 + e3) 'u 3F3401's(" 3 + 3) + T4 0os 4 + Fx4

+ AF a 0 (A-37)

-F340oo(fl3 + 03) A M3 F34*in(P 3 + '3 ) + T4sinY 4 -F

+ A'F x4 0 (A-38)

A-24
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rr

Simultaneous solution of the above for Fx 4 and FY4 results in

F 1 T ÷41 3 + +' -F 3 a )3)s(Fx4 4 IC 4 4] 343 #3

- (O- sa3cos(/3 + 03)] (A-39)

and

*~ ~ -~---T[minv -4 ~c 4] 34 + As)ooa(P3 + 03)

÷ .1 - ae)sin(P (A-40)

To obtain conservative values for the pivot friction moment

in equation (A-36) according to equation (A-3b), one substitutes

the largest possible values for Fx 4 and F * This is accomplished

by making the signs of T and F positive and by using the4 34 pstv

absolute values of their respective coefficients in Equations (A-39)

and (A-40). Equation (A-36) then becomes

-Mo04 #"P4 (T4Al + F3 4 A2 + T4 A3 + F34A4 ) rb 4 F3 4

- •s,(d3 - a3 )F 3 4  0 (A-41)

where

A +uin4 ..O... (A-42)

A-25
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A ~~~ (1*0 8 0)O8/3 + 93) + /11 3 )sin(#3 + 93) (-3

A 3 - (A-44)1 ++2  3

A( )in(93 + 93) 8- 3 )oo0(.#3 + 03)
4 +"-.(A-45)

Finally equation (A-41) is solved for F

M T401o34

F34  U - + (A-46)34 D DI

where

S ,(A + A3 ) (A-47)

DI a b - A a 3 (d3 -a 3) + P4 (A2 + A4 )] (A-48)

A-2 6
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b. EQUILIBRIUM OF GEAR AND PINION SE NO. 3

Figure A-7 shows the free body diagram of gear and pinion

set no. 3. Contact point C3 , between pinion 4 and gear 3,

is, as sihown previously in Figure A-6, before pitch point P3'

The normal force, along the line-of-action, is given (see

equation (A-29)) by

T4 " (A-49)

and the associated friction force is given [see

equation (A-30)] by

U 1 3 MF4HN 34 (A-50)

The unit vectors along(and perpendicular to)the line-

of-action of gear 2 and pinion 3 are given by

1I• a -sin(#. - 0)I + coe(2 - 02 ) 3 (A-51)

and

N23 -coa(f(2  02)I - *n(#2 - e2 1 j (A-52)

A
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The contact point C2 between gear 2 and pirion 3 is also

shown before pitch point P2 is passed,

The normal contact force between these teeth then becomes

•23 =F-23'ý23 (-

The associated friction force is given by

T' Tf23 "u42F231IN23 (A-54)

where s2 +1 for contact before pitch point P2

82 0 for contact at pitch point P2

aj a -1 for contact after pitch point P2

The normal forces on the pivot shaft are given by

Sx3 " Fx T (A-55)

and

7 . -Fy3J (A-56)

The associated pivot friction forces are represented by (-)AF

A-29
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and (-)PF x33 for the indicated direction of gear rotation.

The centrifugal force T3 on the assembly is given by

T T3 (cTsv3(O + siny•j) (A-57)

where

T B M3(2M (A-58a)

with

u3 x mass of pinion and gear 3 (A58b)

Force equilibrium is given by

F - F~iy 5CS3 inVJ

+ F - Fy 3 t - a 0x33  u 0 (A-59)

Moment equilibrium requires

Rb3F 3 4  - s3 3 4  rb 3 F23 + 2(d2  )F23

+ AP(F3 +_y3) 0 0 (A-60)

Note the use of equation (A-3b) for the pivot friction moment,

P3 represents the pivot radius and length d2 is the length of the

A-30
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*1 *
line-of-action between the points of tangency to the base circles.

a 2 is the distance along the lin3-of-action from the gear

point of tangency to the contact point C2.

The comnponent form of equation (A-59) is represented by

the following two expressions:

-Fasin(2 - e?) + AS2F,23o(2 - 02) F3 4 sin(A3 + 03)

. usFL4os((t + 03) + T3 oo00 3  + F - Fy3  0 (A-61)

and

F23co(/ -OP.) + As2F23Shn(2 - 02) 34000(93 + e3)

- •s 3 F3 4sin(fl + e+ ) + T Y3n - FY3  - Fx3

S0 (A-62)

Simult:ineous solution of the above for Fx 3 and F leads to
X3 y3

F X + 2 23 (1+ OAs,)sin (#2 -. 2O) + ~A(' - 82)00(0.) 02)]

+ T 3A 1P , -'Y conY,] + F 34( a ~ 3 )uin(fli 3 4 0)

+ ;k'( + a 3)008(P3 + 0,)] (A-63)

A-31
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and

F3 F 2 A6)0(- 2 + P9 MunP 92)]

+ T 3jsi~ny3 + cod 3J + F 34[J( -,
243)QOs(P3 + *3)

-+ 1)ui~n(f 3 + 93)] (A64

Now# oquationa (A-63) and (A-C64) re ubatitnuted into the

momernnt equation (A-60) with consideration of the pivot friction

moident according to equation (A-36). This gives

?b3•34 3a3 aF 3 4  - rb3F-23 2 2 2(d2 - 3

+ M, 2 3 (A5 + A8 ) + T3(A 6 + A9 ) + F34(A7 + A10 )]

2 0 (A-65)

where

(I + (1A 2)coa(932  -e2) + + - 1)s.ln(p. e2) (-6A U ; (A-661):'

5in + os

A 3i• + AcosY3 (A-67)6 ÷+

A-32



-a)con(!, 03 9) . 3( )3 )sin( 3.17. (A-68)

A8  __(' + ••)sn3 2 - ° + I+•(2 - 82 )CoS(0 2 - ) (A-69)

A9 + - (A-70)

F1 e

•'23 •'3•°a '• T23

F34 2  4 T.3 a (A-72)
D2

where

C * -" j['a" .• (A7 + A1o)] (A-73)

S3 • P3(A 6 + A9 ) (A-74)

D rb3 -" ["a2 (d2  a 2) + P3(A 5 + A,)]

A-33
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c. EQUILIBRIUM OF GEAR AND PINION SET NO. 2

Figure A-8 shows the free body diagram of gear and pinion

set no. 2. The contact point 02, between gear 2 and pinion 3, is

again shown before the pitch point P2 is passed. (See also Figure A-7.)

The normal force, along the line-of-action, becomes with equation (A-72)

-F'f (A-76)
'73 23 23

The associated friction force,j is given by

f, s2 F2 (A-??)

The unit vectors along(and perpendicular to)the line-of-action

of gear I and pinion 2 are given by

IT1 in(, + 0f - coe(p 1 + 0)3 (A-78)

and

a cos(1 +÷8 el)T + sin(/1 + 01)'S (A-79)

TIhe contact point C1 between gear 1 and pinion 2 is also

L.hown before pitch point P1 is passed.

A- 44
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The normal contact force between the teeth of this

mesh becomes

•12 = F12 ni12 , (A-8O)

while the associated friction force is given by

(See Section 1 of this Appendix.)

"f121Fl 2fNl, (A-81)

where a, u +1 for contact before pitch point P1

81 = 0 for contact at pitch point PI

sa = -1 for contact after pitch point P1

The normal forces on the pivot shaft are

andT, 2  
(A-82)

and

y2= Fy2J- (A-83)

The associated pivet friction forces are again chosen such that

A-36



their friction moments oppose the indicated rotation.

The centrifugal force, • 2 ,on this gear and pinion assembly

is given by

TŽ(Gooev~ + sinv,?T) (A-84)

where T2  W 2 (A-85a)

with

m.2  mass of gear and pinion set no. 2 (A-85b)

Force equilibrium is given by

-F23 23 + Ms2 F2 3 IN23  + F12T'12 + POIF12TNI2

T,(0o08 27 + sin 23) - FXa - F,21 + uFy•l - AFxp

=0 (A-86)

Moment equilibrium is given by

-Rb2F23, + Ms2 a2F2 3 + rb 2 F1 2  - Ms1( 1d -al)F12

- P2("x2 + *y2) =o (A-87)

A-37



Again, equation (A-3b) is used to account for the pivot friction

moment. P2 represents the pivot radius. d is tho length

of the line-of-action between the points of tangency to the

base circles, and a1 is the distance from the point of tangency

of the gear to the contact point C1.

The component form of equation (A-86) is given by

F3in 2  ) - 23co(2- 2) F 12u"n(Pl +1)

+ Aa 1F 12 00s( 1 + 01) + T2 cosv 2  - Fx2 + AFY 2

.0 (A-88)

-F- 02) - Fs2F2 3 sin(#12 - - F12cON(' 1 + 0l)

+ MS1 F12 sin(p1 + #I) + T2 einy2  - Fy - Fx2

.0 (A-89)

Simultaneous solution of the above furnishes

Fx2  +l (1+ + p2sl)sin(31 + 01)

+ T[•islVn2  + COSY2]

+ F~j1 - 82)sin(#2 -, ? + 82 )0o8(0 2  02*)J

(A-90)

A-38
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and

",y2 1+ •(1- 8l)sin(#1 + 91) + (I + uasl)cos(pI +9]

+ T2 [siny2  - pcos'2]

+ F2 3 - (1 + a 2 )ain(8 2 - 2)- (1 - 2 52 )coa(f, 2 - 0)]

(A-91)

Now, equations (A-90) and (A-91) are substituted into the

moment equation (A-87). With consideration of the pivot
a.

friction moment acoording to equation (A-3b), this gives

-Rb2F23 + As 22F23 + rb 2 F1 2  - 1- F12

"APP2FI2(A1 + A 4 )1) + F23(AI3 + A16 )]

=0 (A-92)

In the above

A4(I- al)ain(p/ +1) + (1 + Sel)COa(pI + 61)93Al ÷ --2 ' (A-93 ) :
S+

A12  Vn - JCO3MV2 (A-94)
1 +2

A-39 S*--..*------ -
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a'O )2()in(p2 - + (1 -)8 2 )Cos( 2 -A 92)
A13=£ (A-95)

13 +

L(1 a- e!)co8(p 1  + 1) - (1 + )A2 a)in( + (A-96)

14 "1

A. . ... , '2  + 0 o8 v ( A - 9 7 )

A15  1 +2

2~~~ *• a)

0(1 - s2a2)in(. - 02) 8- ,(I + coa(#a - a2) (A-98)A16 = 2.
*i +

Finally, equation (A-92) is solved for F1,

223 4 2 5 (A-99)
D3

where

C4  Rb2 I[s 2 a.2 ,2 (A13 + A1 6 )] (A-IO0)

C5  p ,p 2(A12 + A1 5 ) (A-101)

D5  =rb? . [. 1 (dI - a,) + P2 (A1 1 + A1 4 )] (A-102)

A-40
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d. EQUILIBRIUM OF GEAR NO. 1

Figure A-9 shows the free body diagram of gear no. 1, the

input gear.

Tho contact point C is identical with that shown in

Figure A-8.

The norinal force on gear no. 1 is given by (See

equation (A-80).)

=21 "F 2112 (A-103)

The associated friction force is

IYf21 -AsIFI4NI2 (A-104)

The normal forces on the pivot shaft are given by

X I -,FxI• (A-105)

and

•y F Fy13 (A-io6)

The associated pivot friction forces are chosen in such a

direction that their momenta oppose the indicated rotation.
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The centrifugal force •1 on gear 1 is given by

" "• TIT (A-1O?)

where

TI = 2M 
(A-108a)

m1  mass of gear 
(A-108b)

II

l ~Force equilibri~um is given by

"F,2•,S - .21~N,,2 T11I FX,1 + Ir, V .+ •,

0 + AFx3". o0 (A-109)

Moment equilibrium is found from

b sla1 F12 1 2 + uPl(Fxl + Y 1) 0 (A-i4O)

The form tof equation (A-3b) is again utilized to obtain the
I, pivot friction moment. P, represents the pivot radius of

gear 1.

A-43
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The component form of equation (A-109) becomes

-F 1 2 sin(fl, + -I) AsIF 1 2cos(PI + 1) -Fx + AFy1 + TI

= 0 .(A-I 11)

and

F 1 2 coe(pI + 01) - M81F 1 2 8iln(GI + 9I) + FyI ÷+AFX1

.0 (A-i 12)

Simultaneous solution of equations (A-111) and (A-112) furnishes

the forces on the pivot, i.e.,

,•FX1' , - s1 )oin(a1 + 01) + +( 1)0 1 + 0s(1 1) •FX1 I " + •-"

(A-113)

F 1 2 AO(I + 1 )sin(#1 + 01  ) - 0- 2)COS(, +_01) 1Fy I + 1) s+c (" + ") -,:

1- I +

(A-114)

Equations (A-113) and (A-114) are now substituted into the

moment equation (A-110) in the following manner: (Again,

the method of equation (A-3b) is applied.)

h. . .... .. v .



RFs lasFia n + A 1 [F(A 17 + A19 ) + T (A 1 + A20 )

0o (A-1 15)

where

A1, = 0I - •1)sin(pI + I ) (i + AO a)oao•, , +
1 + ,(A-116)

A18  (A7-I?)
1'

A(, + a1)uin(fl71  + e1) a 1 - , a)Cooe(p, ~(A f

A2 0  + (A-119)

Finally, equation (A-113) in solved for F12

F Mn- -TI- A-20
F|12

D D4

where

H~i C6 = '•P1 (A1 8 + A2 0 ) (A-121)

Db a - p(A.1 7 + A19 )](-124 i
A-45
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e. INPUT-OUTPUT RELATIONSHIP

To obtain the input-output relationship for the complete

gear train, equation (A-120) ise now equated to equation (A-99).

This furnishes

D C
F23  = (Min TIC 6 ) T T (A-123)23 in 16

C D

Further, the above is equated to equation (A-72), This

results in the following expression for F34

PD D3 - (A-124)
34 in T1C6) T2T 3-

F4 C.JCLýD4 C20 4 C2

Finally, equation (A-124) is equated to equation (A-46).

This establishes tne input-output relationahip

DID2D' C5DID2 03DI !M 04  i MaD - T - T--4 -T T4 C1  V
(A-125)
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5. MOMEPIT INPUT-OUTPUT RELATIONSHIP FOR INVOLUTE TWO STEP-UP

GEAR TRAIN IN SPIN ENVIRONMENT

Figure A-10 shows the basic configuration of a two stop-up

gear train with involute teeth for which the rolationship

between the equilibrant output momentMe0 3 , acting on pinion 3,

and the input momentMin, acting on gear I is to be found.

All nomenclature is identical with that used in Section 4

in connection with the three step-up gear train.

Again, the general relationship between input and output

is found by assembling the input-output relationships of the

individual component gears.

a. EQUILIBRIUM OF PINION 1
Figure A-11 shows the free body diagram of pinion 3.

The contact point C2 between gear 2 and pinion 3 is shown

before the pitch point P2 is passed.
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As in equation (A-53), the normal force between the

teeth of gear 2 and pinion 3 is given by

72 3  F2 3 n 2 3  (A-126)

The associated friction force is given by equation (A-54), i.e.,

-1 "s 2 F2 3 fN 23 (A-127)

where s = +1 , for contact before pitch point P2

8 2 0 , for contact at pitch point P2

82:1 -1 , for contact after pitch point P2

The unit vectors in equations (A-126) and (A-127) were

defined by equations (A-51) and (A-52),respectively. The

normal forces on the pivot shift are given by

PX3 = Fx3 (A-128)

and

Fy3 = y3 (A-129)

A-50
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The pivot friction forces become (-)AF, 1 and (-)AFx 3 • for

the indicated direction of rotation.

As in equation (A-57), the centrifugal force on the

pinion is given by

T 3I T3(coa•3 ÷ sin'/3j) (A-130)

where

T, T3 2 m (A-131)
3f 3

with

m3  mass of pinion 3 (A-132)

Force equilibrium is given by

T + (coevl + sinvj1) + Fx
IF 32 3 23 F23ýN23  33 3 x3

S- AF 3 1 - Fy33 - = 0 (A-133)

Moment equilibrium is obtained from

S3 r b3 F23  + 82 a(d2 '2F2 + MF 7 x3 +FY3) 0

(A-134)

A-51
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Note the use of equation (A-3b) for the pivot friction moment.

represents the pivot radius. d2 is the length of the line

of action between the points of tangency to the base circles

of pinion 3 and gear 2. a2 is the distance along the line-of-

action from the gear point of tangency to contact point C2.

The x and y components of equation (A-133) are given by

-F 2 3 sin(#2 - o) + &s3 F2 3 cos(# 2 - 2)+ T3cos + x3

a •YF : 0 , (A-13W)
Y3and

FL)3cos(? 2 - 02) + Ps3 F2 3 sin(p2 - 02) + T~nv3  - FY3

" •iFx,3 = 0 (A-136)

Simultaneous solution of these expressions for F and F yields

"F =x3 y3

2A

F x3  + (2F 31 + JAs.)ain(ft, 0 2 ) + A.(' 8 2 )0o8(# 2  02)

+ T 3esinV'3- corn,]I (A-137)

jn: A-52
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and

F = Y3 + ,F(1 + . 2 s8)coa(p# - + - I)ain(#2 - e2)

+ T 3 [ny 3  + Acosy 3 ] (A-138)

Now, equations (A-137) and (A-138) are substituted into the

moment equation (A-134) , with the pivot friction moment given

according to the formulation of equation (A-3b):

M rb9, + $2(d2 &223 + iP 3 [Fa,(A1 + A3) 4 T3 (A2 + A4)]

:0 (A-139)

where

2
A1 + ai )cos(/J - 02) + P(2- 1)sin(P2 - 02) (A-140)

A~~~ ~~~ ( ~1 + 8±l+ OB 111

sin 3 + icos( 3- .....A2 =. . .. .. Z,, .(A-141)
111 +

3t " . .. + ,.-(A-142)

j A-53
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Asin '

A U sil 3  8 COY3 (A- 143)
4 +

Finally,equation (A-139) is solved for F2

F23 D DI

where

C1 U (A + A (A-I145)

DI rb 3  - [82(d2 - a2 ) + P3 (Aj + A3 ) (A-146)

AI
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b. EQUILIBRIUM OF GEAR AND PINION SET NO, 2

Figure A-12 shows the free body diagram of gear and

pinion get no. 2. The contact point, C2, between gear 2 and

pinion 3 is again shown before the pitch point, P2. With

equation (A-126), the normal force between the teoth of this

mesh becomes I ]

, 32 -"F&.3 (A-147)

The associated friction force is the negative of equation (A-127), i.e.,

f32 82'2a3 Na3 (A-148)

Similar to equation (A-80), the normal force between gear I

and pinion 2 is given by

"F1,"nZ (A-149)

(See equation (A-78) for the definition of unit vector " 12 .)

"A-,,
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Figure A-12 shows the contact Point C1 before the pitch point

P1 is passed,

The associated friction force is. given by

A8F (A-i150)

where a +1 ,for contact before pitch point P1

a 0 ,for contact at pitch point P1

*-1 ,for contact after pitch point P1I

The unit vector 9.2in given by equation (A-79)0

The normal forces on the pivot shaft are given by

PX2 Fx* (A- 15))

and

P2 - FyjJ(A52

The associated friction forces PFlan ),F3weecoe

10that their moments oppose the indicated rotation,

The centrifugal force on this Sear and pinion assembly is

expressed by

A-57
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T2 T2 (cosf 2 l + Sinv-3) (A- 153)

wherq T. 2 iw.m2 (A-154)

m2  mass of gear and pinion set no. 2 (A-125)

Force oquilibrium is given by

+ T2 (°osy 2I + ainv23) " Fx2t + ÷ FY21 " (23 "%x2T A

0 (A-156)

Moment equilibrium is given by,

""R + rb 2 F - s 1(d 1 -a)12

- ,&Pa( Fya+ (A-157)

Again, equation (A-3b) is used to obtain a conservative pivot

friction moment. p• represents the pivot radius, d1 and &I

are similar to the previously used distances along the lines

of action of the other meshes.

A-58
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The component form of oquation (A-156)'becomes

-I
F23sin(ll 2 - 02) - IMA2 3 06(/1 2 -2) + F 12 sin(p1 + 01)

+ As1 Fl2 co(fIl, + 01) + T2CO8? 2  -Fx2 + ;kFy 2  =0 (A-15E,

and

F23aoos(/2 - 0, -2)2pa?.n(p2 - ) - F12 o000(11 + 1 )

+ PGIF sin(PI + 01) + TsinY2 Fy, - Fx2 0 (A-159)

Simultaneous solution of the above expressions for Fx2 and F
gives :

Fx2 T I FIa" (! - l) O1(,2 + 01) - ( A * l)sin(•, + 01 )]

+ T2 [AslnY + ooBYv j

23+ -1 A.,, n .- .2(1 + 82)cos(f, 2  02)

(A-160)

A-59
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Fy, F Ia2 1  sl 4 (1i + 'a1)ooa~p1 + e)

+ Ta[if~ - COSV2]

+ ~+ 8s2 )min(j3 -(1-

231- 2 (1 A 2)eoa(#2  02

A-60



Now equations (A-160) &nd (A-161) are substituted into the

moment equation (A-157) with the pivot friction moment

formulated agaLin according to equation (A-3b):

Rb2F23+ ',saa2 F23 rb2F12 - na, (d a - )F

" APa[ Fi (A5 + A8) + Ta(A6 + A9) + F2 3(A7 + A O)" 0

(A-162)

where

A P - 1 SLn(f-+1 + 0) +* + (1)

2+ 
(A-163)

siny, - •CosY2

A6  " ......... " --- (A-164)I+•

~I(+ + 1 )cls(pE + o'.) + (1 4 p'e 1.)Ao2( 1 - e•,),,,i• : . _. - i ... 7+ - -- (A-16.5)

A8  A --- 0-- 08- 01 + •• 29 (A-166)

A 9 + ei2 (A-167)

A-61
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A 2) -A'- -12)A 0  -- 1 + -_- A.-168)

1 01

Finally equation (A-162) is solved for F1,

F12 F23C2 ý _____
F120 (A-169)

D2  D

where

C - b2 - [' 2a2"- P(AA 1 A)]0)

C: I ;::(A: + A9) (A-1)

D2- rb - [.(d, -. ,) + P2(A5+ A8)1 (AA2-)
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c. EQUILIBRIUM OF GEAR NO. 1

Figure A-13 shows the free body diagram nf gear no. 1,

tne input gear.

The contact point, C1Icorresponds to that shown in Figure A-12.

According to equation (A-149), the normal contact force

between pinion 2 and gear I becomes

= -F 1 2 n 1 2  (A-173)

The associated friction force is the negative of equation (A-150),

i ~i.e.,

--r N (A-174)! •f21 I I •F2nN 12

The normal forces on the pivot shaft are given by

F-Xl = Fxl• (A-175)

and

Fy = FylJ (A-176)
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The associated friction forvea A•F1i and mFxIJ were chosen
with such directions that their momenta oppose rotation due

to input moment Mino

Centrifugal force T1 on giar 1 is given by

where, as with equation (A-07)

•,, (A =178)

and

m, mass of gear I
•, (A-1?9)•I
Force equilibrium of gea:, 1 i given by

-j 2I $UlIFlaflNl2 +T 11 - ~ + 11y 1 + IA F.V1 1]

+ A 2 a (A-180)

Moment equilibriuL is given by

ubI 1aIFI Min + "l Fyl) I + (A-181)

A-65

K, t .



Note that equations (A-180) and (A-181) have the same forms

as equations (A-109) and (A-110).

The force component expressiona are the same as given by

equations (A- 111) and (A-112), and their simultaneous solution

for the pivot forces is identical to that given by equations (A-113)

and (A-114), i.e.,

Fx..-.F12 [1- •2Sl)iin(i 1  + 1) + (1+ ÷!)cos(ft 1 + T
FX1 ÷2

+ (A-182)

and

0 O)in(ft + 0,) ,,1,a)cos(q 01)] vT

(A-183)

Equations (A-I18) and (A-183) are now substituted into equation (A-181)

according to the method of equation (A-3b)

Rb1F12 - -,S alF12 , M i + OA'I[F12(A, + A,13) + 1,(A -2 + A 14)

.0
(A-184)
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where

m(1 - )ein(/i 1 + o1) + oA( +a SOS(fl +(A-) 5
All 2  (A-185)

+

A14  2 (A-186)

+ + 
+A1 = Z (A=187)

A)+ =+. (A-=,88),i

Finally, equation (A-184) is solved for F

M in - T1 C4
• -(A-189)

.3 3

where

C4  = ,p,(AIZ + A1 4 ) (A-190)

ID = Rbl- Alsl -P1(A1 + A13 )] (A-191)

A-67?

* ! -

u k. _ A~l



d. INEUTOUTPUT RELATIONSHIP

To obtain the input-output relationship for the complete

gear train, equation (A-189) is now set equal to equation (Ar$69).

This furnishes

- Mjn - TMi T - TZ (A-192)F23 C?.D) 3 4

The above is then set equal to equation (A-144). This results A193

in the input-output moment relationship ,

Mo = IDcD Md~ T C4 - T2 _=1- T C1 (A-193)

i n 03 C2D 3 2
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6. AUXILIARY GEOMETRIC AND KINEMATIC EXPRESSIONS FOR TWO AND

THREE STEP-UP GEAR TRAINS WITH INVOLUTE TEETH

a. NOMENCLATURE FOR INVOLUTE GEAR TEETH

Rpi, rpi pitch radii of gear and pinion of ith gear and
pinion set

Rbi, rbi base radii of gear and pinion of ith gear and
pinion set

Roi, roi outside radii of gear and pinion of ith gear and
pinion set stf

= effective pressure angle of jth mesh

qidistance from spin axis to pivot of ih gear and

pinion set}A

b. ANGULAR RELATIONSHIPS BETWEEN PIVOT HOLES

Figure A-14 shows the angular relationships between the

lines connecting the pivot holes as well as the spin center.

(See also Figures A-5 and A-10.) The following serves to

determine the angles Yi and 0, for certain combinations of

gears and pinions as well as spin radii x.

A-69
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fl1

ANGLE

From

(RPI + r -) 1 + 12 2" R•IO3u" 2

one obtains

[2 21
coo 2• ,,. (A-194)

Similarly, from

1 2 + (k2 ( + )2

"C o e - 22 3  . .. .+ .J.

one obtaina

V3  V2  + (A-195)

3 .3
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Also with

Cos It + (RP3  r 4) jO

one obtains

+I
4 3 ( (A-196)

ANGLES

Since

2 2 2OU~

(F)2r2  + (X

82 Cos= [ ... ... .. (A-197)
2*1 (RpI + r )

Similarly,

3  P3) 2) (A-198)
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and

R 2 + 4Z2

a co~I - I(A- 199)IO - L%*3(I"P . + r 4)

"ANGLES 0

With Equation (A-197)

= •- a (A-2OO)

Further, with Equations (A-194) and (A-198)

fl + 8 A-201)2 V2  3

Finally, with Equations (A-195) and (A-199)

N + (w - 14) (A-202)

A-?3
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co. DETERMINATION OF CONTACT POINT C FOR VARIOUS MESHES

2f

Figure A-15 shows the points of interest along the line of

action of an involute gear which drives an involute pinion.

Points L and L' are the points of tangency to the base circles

of radius Rb and rbprespectivey1 and the distance d z LL'. Initial

contact is made at point M, where ths line of action intersects

the pinion addendum circle of radius ro. Final contact corresponds

to point N. Here the lie of action intersects the gear adendum

circle of radius Ro.

The position of the instantaneoas contact point C with respect

to point L, 1.e.,,the length, a, J.s expressed with the help of

instantaneous Pngle a whioh has its origin at the line OIL. Then,
~',1

a LC a Rba (A-203)

A computer procedure for the determination of in-
stantaneous angle m of any mesh must first find the asso-
ciated initial and final angles of contaot cc and mf "

In addition it must contain a method for incrementing

angle c. The following shows such a procedure for each of

the meshes of a two pass and a three pass step-up gear train,

together with a means of obtaining the signs of the signum

te-rms,

'i ~~A-74'ii:
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1.) MASH oF GEAf 1 AND PIN.O2N -2

The total length ,dI = LLI' in given by

d (Rb + rb1)tanel (A-204)

The initial angle of contact,* lNin obtained from

un - - (Rbl + rb 2 )tan - r rba (A-20)

~bl bi

Similarly, the final angle of contact, -1FIN i5 given by

in " o ,Rb (A-2o6)
Rbl

The magnitude of the increment 4a, depends on whether one

deals with a two stap-up nr a three step-up gear train.

Assuming that a two step-up train is involved and that one

wishes to compute the length a2 of mesh 2 K2 times after the first

contact, the angular increment,4. 2 2 ,has the magnitude

A-?'6

A)



~22 afn-'i (A-207)
Ka

(The second subscript refers to a two step-up configuration.)

Because of the transmission ratio between gear sets 1 and 2, the

associated angular increment of gear I will be smaller than anI2,i~*

A= o r b (A-208)
12 22 R

The instantaneous angleo,a11 will then be given by

~1 afl J1 2 a12 (A-209)

and, the instantaneous distance, a1 ,beoomes

a1 R b1( a1in + J1 2 ,,a, 2 ) (A-210)

In the above, i 2 represents the number of times the angle a,

has been incremented. While the total number of increments depends

on the length of contact, the incrementing of acomes to an end

when a li.This also corresponds to a complete mechanism

A-77
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cycle. Since mesh 2 goes through Rbl/rb2 times as many cycles

as mesh no. 1, the angle a2 has to be re-initialized to a2in when

"2fin' i.e.,after K2 increments. (For simplicity it is

assumed that the motion starts when all meshes are at their

initial contact anglesu:n*.)

When a three step-up gear train is involved, one must make

sure that enough computations are made for mesh 3. Assuming

that K3 increments are to be made, one obtains

"- 3fin " 3n (A-211)•33 =-K3

K3

The associated angular increments for meshes 2 and I then become

r
b3 3(A-212)

Rb2

and

r r
ab3 1 ---3--rba (A-213)

Rb2 RbI

For this case the instantaneous distance a becomes

al = Rb1( aiin + j 1 3 a 1 3 ) (A-214)

A-78
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J,, stands for the number of times a1 has been incremented at any

given instant. This incrementing again ends when 1 > alfin"

Meshes 2 and 3 are re-initialized to " and 3 as often as

is necessary to complete one cycle for mesh no. 1.

The sign of a is best obtained from the fact that at

pitch point P1

LP Rl tane•Ip =- - tang1  (A-21)

Rbi Rbl

then for

"I ( tang1  a, +1

tang 1 : I 0 (A-216)

a1  > tang 1 = -1

A-79
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20 MESfl Of! GEAR 2 AND PlINON 3i

Similar to the previous section,

d2  = (Rb + rb )tane2 (A-217)

(R~b + rb,)tang2 2-

2in a - (A-218)
Rba

02 - R 2

2b2 " (A-2 19)

For a two step-up gear trainthe instantaneous length,a 2 ,becomes

a R (A-2.20)

a2 = b~a.+ J22"022) (.•).

where an22 is Given by Equation (A-207) and

Ia
aa= 1, a, ... , K2 .

When "2 a a2fin it must be re-initialized to a2n until mesh no, 1

has completed ite full cycle.

"A-80
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For a three step-up gear trainothe length,a 2 ,becomes

a2  Rb2(-2in + J2323)(A-21)

with A .n given by Equation (A-212). stands for the number

of times *2 has been incremented and again depends on the length

of contact. Ile-initialization follows the same rule an given above.

The sign of as is obtained as follows: (See Equation (A-215).)

For

"2 < tan02: 2 = +1

"tano2 : a 0 (A-222)

"2 > tanO2: s2" -1

A-81



3.) MESH OF GEAR 3 AND PINION 4

Again, in the same vein as in Section 1,

d = (Rb, * r'•)tane, (A-223)

(Rb3 + rb 4 )tanG, - r74 -r(4

a 31n (A-a22)Rb3

"22

"3fin 03 . .... (A-225)

The instan~taneous length,a3,1is given by

a, 2 Rb( "31n + J336a33) (A-226)

3 -b

heneer 3 > 3fin it must be re-initlalized until mash not I

comi,-ted its full cycle.

'he ii-n of a, is again obtained with the help of an expressionF3
Equation (A-215):

A-82
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a 3 < tano : I m +13 3
3 tanG3 : s, a 0 (A-227)

3 3a3 tan 93 a a3 -
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APPENDIX B

DESIGN OF UNEQUAL ADDENDUM INVOLUTE GEAR SETS WITH STANDARD

CENTER DISTANCES

One of the ways of preventing undercutting in pinions with

small numbers of teeth, which must mesh with gears of unequal

and larger numbers of teeth, is to decrease the pinion dedendum

together with the gear addendum by the necessary amount. To

maintain standard working depth for such a mesh, the addendum of

the pinion as well an the dedendum of the gear are increased by

the same amount. (This, of course, presupposes that the gear

is not undercut by this modification.) This can be accomplished

without any chanSe in the standard base and pitch radii or the

associated standard center distance by "withdrawing" the hob

during the cutting of the pinion and feeding it "deeper" when the

gear is cut. In this way the pinion, which has its ouside radius

increased by the hob withdrawal distanc3, will have a larger than

standard circular tooth thickness at its standard pitch circlet

The outside radius of the gear is decreased by the same amount.

Because the cutter is fed to full depth, the gear tooth thickness

at the standard pitch circle will be less than standard.

The following gives the design steps for this type of gearing

and illustrates them by way of an example.

I" . . .. . . . . . . . . . . . . . .i -I



I, STANDARD GEAR NOMENCLATURE

N = number of teeth of gear

n = number of teeth of pinion

e = pressure angle

JL d n = diametral pitch

p p

Pus * standard circular pitch at pitch circle, where also
=

SPd

Rp, rp a pitch radii of gear and pinion.respectively

Rb a R cose , base circle radius of gearbp

rb = rp coSe , base circle radius of pinion

Too, tee = P , circular tooth thickness of gear and pinion,

respectively,at standard pitch circles

I standard gear addendum
Pd

1.157 = standard gear dedendum

B-2
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2, DETERMINATION OF HOB WITHDRAWAL DISTANCE C

Figure B-I indicates the relationship between the pinion

pitch radius,rp, its root radius,r rand the rack cutter addendum A.

The root radius is formed by the addendum line of the cutter

tooth, so that

rr r rp - A (B-i)

In order to avoid undercutting, the addendum line of a sharp i
cornered cutter muit not pass below point L, the tangent point

of the line of action and the base circle (see Figure B-2).

The minimum root radius,r ,becomem for this case
rm

rrm = rbcoso u rpCOs0 (B-2)

When the rack tooth corner is rounded off with a radius rc,

as shown in Figure B-3, the effective addendum line of the cutter

tooth moves up the distance r (1 - sine). To avoid undercutting

with this type of cutter, the effective addendum line must not

pass the base circle below point L ir Figuro B-2. This allows

a reduction of the minimum allowable root radius to

B3-3
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r = rpcosae - r (1 - sine) (B-3)

By common usage the corner radius may either be

rc .= ts = 05 (-4)Pd l

or it is chosen such that the second term in Equation (B-3) becomes

rc(1 - sine) • .127 (B-5)
Pd

(This makes for an effective cutter addendum of 1/Pd.)

Hob withdrawal becomes necessary if the root radius, obtained

by setting the cutter to standard depth, is smaller than the

minimum given by Equation (B-3). Thus, the hob withdrawal C

is obtained from Equations (B-I) and (B-3), i.e.,

C = r - rr (B-6)

With the cutter addendum A = 1.157/Pd, and using the expression

of Equation (B-4) for the rack corner radius, Equation (B-+6)

becomes

B-7
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C 2._._ (1 + .157sine) - rpsin% (B-7)Pd

If Equation (B-5) is used, with the same definition of the cutter

addendum, one obtains for C

C ....I . r sin 2 0 (B-7)Pd

S3. OUTSIDE RADII OF PINION AND GEAR BLANKS

The outside radius of the pinion blank becomes

ro r +- + C (B-8)Pd

The outside radius of the gear blank becomes

Ro C (B-9)
Pd

B-
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4. TOOTH THICKNESS &iT PITCH CIRCLES OF PINION AND GEAR

Since the thickness of the hobtooth at the pinion pitch

circle will be reduced by the amount 2Ctano, due to the withdrawal

C, the circular thickness of the pinion tooth at this location

will be increased by this amount, i.e.)

tc te + 2Ctano (B-10) .•

The gear tooth thickness will be decreased to

Tc Tca - 2Ctano (B-11)

at its pitch circle.
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5. TOOTH THICKNESS AT OUTSIDE AND BASE RADII BY INVOLUTOMETRY

The circular tooth thickness at an arbitrary radius of an

involute tooth may be obtained if the tooth thickness, radius,

and pressure angle of any other location, such as the pitch circle,

are known together with tha pressure angle at the arbitrary

radius. [See Equation (5-5), pg. 80, E. Buckingham: Analytical
Mechanics of Gears, McGraw-Hill Book Co., Inc. New York, 1949.]

Accordingly, the circular tooth thickness, to, at the

outside radius of the pinion, may be obtained from

to tc r0  - 2ro(XNVeo - INVO) (B-12)
r p

where

INV = tans - 0 , the involute function corresponding to

the pressure angle 0

= pressure angle of mesh. This is also the

pressure angle at the pitch circle.

rb
00 P coo' - , the pressure angle associated with the

r0  outside radiu.. •f the pinion

B-10
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Similarly, the circular tooth thicknessToat the outside radius

of the gear is obtained from!

Ro

To Tc • - 2R (INVO - INVO) (B-13)

where

G coo- Rb j the pressure angle associated with the
Re outside radius of the gear

The tooth thickness at the base circle radius of the modified

pinion is given by

tb tocomS + 2rblNVe (B-14)

This becomes for the gear

Tb - T come + 2RbINVO (B-15)

(The above is only of theoretical interest in case the inter-

tooth space is not out below the base circle radius,)
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6. EXPRESSIONS FOR CONTACT RATIO AND PINION OUSIDE RADIUS FOR

UNITY CONTACT RATIO

The expression for contact ratio [Equation 4-19, pg. 72t

E. Buckingham: Analytical Mechanics of Gears] is given by

Ro 2 R 2+ r 2- r (Rb + rb)tano (B-i6)
Pc sCOsGe•

If the contact ratio of a certain mesh is larger than unity,

and one wishes to reduce it to unity by reducing the outside

radius of the pinion, one may find this new pinion outside radius

with the help of

r..b + [ poscoso + (Rb+ rb) tan$ -R -.

(B-i?)
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7. ExA1.WLE

Design a pinion and a gear with the following specifications:

P ~ 4 4 0 N=42, nu8 200

This gives

R .477-27 in. (1.212 cm) r = .09091 in. (.231 cm)

* R corn 200 u.44848 in. (1.139,cm) rb * 08542 in, (-217 cm)b p

pr a - a.70in(181 cm) To too .03570 in. (.091 cm)
44080

According to Equation (B-7), the hob withdrawaL Cllis computed as

Ca ...L... 090918in 2 00 .012093 in. (.031 cm)

Then, according~ to Equaitions (B-8) and (B-9)

* .09091 + .02272? + .012093 a .12573 in. (.319 cm)

Ro .47727 + .022727 - .012093 a~ .48790 in. (1,239 cm)

B- 13



The new tooth thickness at the pitch radii is found with the

help of Equations (B-10) and (B-i1)

t .03570 + 2(.012093)tan20 = .04450 In. (.113 cm)tc

To .03570 - 2(.012093)tan2O0  a .02689 in. (.068 cm)

For the purposes of the present analysis, the pinion outside

radius is now reduced to obtain a contact ratio of unity. With

Equation (B-17) I
A ,110 2. .279 cm) This is essentially the unmodified pinion radius of

.113 in. (.287 cm).

Vi

Now compute the circular tooth thickness at tho outside

radii rj and Ro using the following data in Equations (B-12)

and (B-13):

6 .200 INV 200 .014.90

O 009-1  .08542 39.05090 INV 39.05090. .12969
*11O

001 4o- L484. 8 23.18890 INV 23.18890. .02365
0 .48790

B-1
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Then

to .04450 9 - 2(,110 1(.12969 - .0149)- =602860 in. (.073 cm)
.0909 1

and

T .026839 (i8?9 ~ - (4879)(-02365 -. 01490: .01896 in, (.049 cIm)
-.477a7/

These are suffiieont to allow for rountding off tit teeoth,

Finally, check that the gear is not undercut. The actual

root radius of the gear ia

Ro 2. * .4879 - .04902 .4389 i. (1.lib cm)
PF

The minium permissible root radius without undercutting,

aocording to Equations (B-h) and (B-4), is compu~od froin

R R •Thuo -0 ni) u .47?77(.883) .0023Rrm Pd

" *419 in. (1,064 cma)

Thus, the gear in not undercut.

B.15
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APPRNDIX C

COMPUTER MODMLS FOR STEP-UP GBEC, TRAINS WITH INVOLUTE TEF.TH

The precent appendix contains descriptions,listingsand

sample outputs of' the following involute gear.train-related

computer prowrames

1. Program INVOL 1 i Design of unequal addendum involute
gear and pinion set with unity con-
tact ratio.

2. Program INVOL 2 1 Point and cycle efficienoiei for
single paas involute step-up gear
meah with unity contact ratio.

3. Program INVOL i a Point and cycle mfficiencies for
three pass involute step-up gear

train in mpin environment.(All

meshes have unity contact ratio).

4. Program INVOL 4 1 Point and cycle efficiencies for

two pass involute step-up gear

train in spin onvironment.(All

meshe'm have unity contact ratio).

The relevnnt background,the input parametors,the manner

of the computations and the form of the output of each program

are discussed in detail. The program proper forms the last

part of each section.
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l.Program INVOL 1: Design of Unequal Aadendum Involute Gear

and Pinion Set with Unity Contact Ratio.

The program INVGL 1 is based on Appendix B which shows

the design equations for unequal addendum involute gear sets

with standard center distances.

The nomenclature of the program is chosen to

coincide as much as pcssible wibh thit o& Appendix B.

a. Input Parameters (See also Program INVOL 1,, below)

The following parameters represent the input data of

the program:

YbUBD " Pd $ the diametral pitch

NO N $ the number of teetn of the (ear

NP ,Np the number of *teeth of the pinion

THETAD t , the pressure angle of the mesh is well es

o1 the hob (in deg'ees)

ILTOP a arbitrary single-digit integer for multiple data
sets* Must be uero for last met of data.

b, Computations

The program computeo the following quantities (where not

otherwise indioated,oonsult Section 1 of Appendix B for nomen-

clture):

CA FRP Rp

HP r

CAPRB - Rb

RB 
Crb

C-2
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PSUBO 0 PC

TSTAND 0 t

C a hob withdrawal distance. See eq (B-7)

RO a ro , See eq (B-8). This is the original pinion
blank radius.

CAPHO a , see eq (B-9)

TO * to ,see eq (B-10)

CAPTC TO , see eq (B-II)

TB t , see eq (B-14).Note also the computation

of the involute function at the end of the
programe

CAPTB a Tb, see eq (B-15)

ROFIN 0 see eq (B-17). This is the pinion out-
side radius for unity contact ratio*

THETOGG according to expression associated with
eq (B-13)

THBTOP 80p, according to expression associated with
eq (B-12)

CAPTO To , see eq (B-13)

TO to see eqC (B-12). Computed with ROYIN.

CRATIO a mp , see eq (B-16). This is the original
contact ratio ,which uses the unmodi-
fied pinion blank radius RO.

CRFIN U represents the contact ratio when computed
with the final pinion blank radius ROFIN,

ROOT . actual root radius of pinion

CAPROOT a actual root radius of gear

CAPRMIN a Rm , see oquations (B-3) and CB-4)

C-3



a. Output of Program

The output of the program is best explained by means of

the first sample computations which are shown at the end of

the program. This example is identical with that given in

section 7 of Appendix B. The output lists the followings

I. The input parameters, PSUBD, NG, NP,,and pressure

angle ,THETAD, are printed out.

I1. The above is followed by computational results for

CAPRF

RP

CAPRB

TSTAND

C

CAPRO

RO, this is the original pinion blank radius before the

unity contact ratio modification.

CRATIO, note that for the given case, this original contact

ratio equals 1.3

ROMIN, the pinion outside radius which co:rresponds to unity

contact ratio

CRFIN, this, of course, has to be unity because of the use of

ROFIN. This computation serves as a check.

CAPTC, this tooth thickness, as well an the following one,

is useful for strength computations

"C-..4
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TC

THEOGD. this pressure angle, as well as the following one,

corresponds to the final outside radii of the gear

and pinion, respectively, and is needed for the

computations of the tooth thicknesses at the outside

radii.

THEOPD

CAPTO, this tooth thickness at the outside radius of the gear,

as well as the following one for the pinion, must be

sufficiently large to allow for the presence of a tip

rad ius

TO

CAPTB

TB

CAPROOT

ROOT

CAPRMr IN

The values of the last five parameters are to some extent

interconnected. First, it is important to see whether the gear

is undercut. This does not occur as long as CAPROOT is larger

than CAPRMIN, iee. ,the actual root radius is larger than the

minimum allowable one. The gear tooth thickness at the base

circle is of interest for strength purposes. Since, for the

given case, CAPRB - .44849 in. (1.139 cm) and CAPROOT a .4388 in. (1.115 cm)

the base circle lies above the root circle, and the greatest cross-section

of the tooth is approximately equal to CAPTB. TB is called the theoretical

C-5
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pinion tooth thickness at the base circle since it is possible

that the base circle lies below the minimum allowable root circle

of the pinion. In such a case, the actual tooth may be weaker

than indicated by this dimension, For the present case, RB

.08543 in. (.217 cm) and ROOT a .07671 in, (.19S cm), and therefore,

the base circle, which lies above the root circle, gives a good

indication of the actual tooth cross-section at the root.

lilt

C-6
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Program INVOL 1

This program oontains five different sets of gears. This

will be of use in programs INVOL 2, INVOL • and INVOL 4".

C-7
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2. Program INVOL ,a Point and C.Ycle Effioienci,el for Single.

Pass Involute Step-UD Gear Mesh With

Unity Contact Ratio

The program INVOL 2 is based on section 3 of Appendix A,

which gives the moment input-output relationship for a single

step-up gear menh with involute teeth. The mesh has unity contact

ratio, Again, the nomenclature of the program is chosen to

coincide as much as possible with that of the original deriva-

tion. The contact geometry is adapted from seotion 6a of

Appendix A.

a. Input Parameters (See also _•rozram in seotlon d below)

The following parameters represent the input data of the

program. Most of these are taken from the results of INVOL 1

since the moment expressions are for unity contact ratio only.

CAPRP a Rp, the pitch radius of the gear

RP w rp. the pitch radius of the pinion

CAPRO w Ro, the outside radius of the gear

ROPIN a Ro, see eq. (B-I?). This is the pinion outside radius

for unity contact ratio.

RHOCAPN = PN, the pivot radius of the gear

RHON PN, the pivot radius of the pinion

MU i i, the coefficient of friction at both pivots as well as

at the gear and pinion contact point

K, range divisor, i.e.,it represents the number of times the

output moment and the efficiency are computed between

initial and final contact of the gear and the pinion

C-16
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ISTOP, arbitrary single digit for multiple data sets. It must

be zero for the last set of data.

b. Computations

Both point and cycle efficiencies are based on eq. (A-25).

With the help of eq. (3)1 the point

efficiency becomes

-+ s ( (c-a)))r ýR I + 11PN - B&a

Since the angular velocity is constant for iftvolute aears,

and may be expressed in terms of the base circle radii Rb and rb, i

•. Rb 
,

Kratio - -- (c2)Srb

Therefore,

Sp - K2  (POINTE?) (C-3)

as given by eq. (A-26),

The cycle efficiency expression is based on eq. (4). If

one replaces both integrals by summations, one obtains

'o 0 E - - - - - - (c -4 )
E Min Av

where Nq and AO now represent incremental ohanges in the input

and output angles, respectively. The input moment is constant

C-17



over the total interval. Also

LAu " IN "IN (C-5)

(See eqs. (A205) and (A206).)

The Increment AO is also constant and may therafore be

taken outside the summation sign. It is exprenaed with the

help of Ap

AM . LI ,CL = DELALPH 0C-6)
K

(This is an adaptation of eq. (A-207) to the single step-up

mesh.)

With the above

,o n Kra i U (C-7)

Substitution into eq. (C-4) gives

Krat0o 'Am. Not " o. . . (c-8)14in ((•FIN - mIN)

Sinoe

,p Kratic o (C-9)
-In

one obtains for the nyole effioiency

- = -"P (CYCLEFF) (C-10)

'C = (IN aIN)

C-18
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To arrive at expressions for both POINT!? and CYCLEFF in

the program, the following other Important computations are

necessaryi

ALPHIN MIN, see eq. (A-205)

ALPHFIN = see eq. (A-206)

D = d, see eq. (A-204)

A a, see eq. (A-203)

The signum value a is obtained according to eqs. (A-215)

and (A-216), which are alternate ways of expressing eqs. (A-E)

to (A-8).

06 Output of Program (see Program INVOL 2, belot)

The output of the program is best explained by means of

the single sample computation which is shown at tho end of

the program. This example uses the data of the first sample

output of INVOL 1. The output lists the followingo

I. Input Paramet•er.,

The input parameters CAPRP, RP, CAPRO, RO and THETAD are

reproduced, In addition, the following dimensions, which were

selected from a practical viewpoint, are showný

RHOCAPN P . 060 in. C,IS2 cm)

RHON - Pn I .030 in. C,076 cm)

MU= = .2

K = 25 (no bubstantial changes in cycle 6fficlency were

encountered foe larger values of K)

C-!9
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II. Computed Values

The point efficiency is listed as a function of the angle a,

while the cycle eflfclency is computed for the interval from aNq

to aFIN' The signum parameter, a is listed for checking purposes.

3

1':
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Programn INVOL 2
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3. Program INVOL 3e Point and Cycle Efficiencies for Three

Pass Involute Step-Up Gear Traill in

Spin Environment (All Meshes Have Unity

Contact Rati2)

The program INVOL 3 is based on section 4 of Appendix A,

which derives the moment input-output relationship for a three

pass step-up gear train operating in a spin environment. Again

all meshes have unity contact ratio. As previously, the nomen-

clature of the program is chosen to coincide as alosely as

possible with that of the original derivations. The expressions
for the contact geometry and other auxiliary geometric terms may

be found in section 6 of Appendix A.

a. Input Parameters (see Program INVL S. below)

The following parameters represent the input data for the

program. Those which involve gear dimensions only must be
obtained from the results of INVOL I since the moment expressions

are derived for unity contact ratio only.

MU t ,the coefficient of f'riction at all pivots and at

all tooth contact points

RPM, revolutions per minute of the fuze body

CAPRPI . Rp*

CAPRP2 w Rp2

CAPRP3 - Rp 3

RP2 .- rp2

RP3 - rp 3

R P4 r.4

C-24
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THEMA1 0 S1

THEMA2 2

THBTA3 9

ISTOP, arbitrary single digit integer for multiple data set.

It must be zero for last set of data.

R2 a

R3

R4

RHO a P"

RE02 a P2  til

RHO3 v P3

RHOL4 a P

CAPRBI - Rbl

CAPRB2 w Rb2

CAPRB3 a Rb,

RB2 w rb2

RB3 w rb3

RB4 w rb4

CAPROI a. Ro

CAPRO2 R H0 2

CAPH03 , Ro3

R02 = ro2

R03 -

MI. * a,, mass of input gear I.

M2 M i2 , mass of gear and pinion 2

C,- 25
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M3 m 3 , masm of gear and pinion 3

M4 inM4, mass of pinion 4

MD = md2 , the "mass-distanoe" product contained in the expression

for the input moment Min

K . K3 , the range divisor which Is associated with gear 3,

the driving gear of the last mesh (see eq. (A-210))

b. Computations (see COMMINT ,oardlsf In oro35)

I. ComDutatlo1 of MIN. GAM AS and ARTA$

To start with, the program computes the input moment

MIN w Min " (C-11)

Subsoquently, the angles Y2P Y3, Y4 and 0,, 021 0, are established

socording to the exprmosions given in section 6b of Appendix A.

IA

II. Dater Inaion f Gear Train Constants

The determination of the gear train oonstants oonsists of

the followings

RATIO * Kratio- (see eq. (2)). Since the angular velocity

I. constant, this parameter may be expressed

In terms of the applicable base radii, i.e.,

Rbl x Rb2 x Rb3

rb2 x rb, rb

TISTI, TEST2 and T1ST3 represent the tangent functions nf

the mesh pressure angles, which are used in conjunotion with the

values of the signum functions, a.
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DI, D2 and D3 are given by eq.. (A-204), (A-217) and (A-223),

respectively, and represent the distanoes between the points of

tangenoy to the bass circles along the lines-of-action of the

three meshes,

?4TOT w 0 represents the Initialization of the sum of the

output moments. This is used for the determination of the cycle

efficiency.

IlI. Determination of Initial and Final Values of ALPHAS,

n1t1ali2at2on of ALIHAS and CentrilfuAl Forces

The determination of the initial and final angles of

rotation is acoomplished with the help of subroutine ALPRA,

at the end of the program, which makes use of eqs. (A-205),

(A-206), (A-218), (A-219), (A-224) and (A-225). Thus, the

Initial values of the individual angles of rotation, ALPHAl,

ALPRA2 and ALPHA) are represented by ALIIN, AL2IN and AL,)IN,

while the final angles are given by ALIFIN, AL2FIN and ALMPIN.

The angular Increments of gears 3, 2 and 1, i.e,)DZLAL3,

DRLAL2 and DRLALI, are determined with the help of eqs. (A-211) -

(A-213), respectively.

The centrifugal forces, which act on the pivots of the

various gear and/or pinion assemblies, are obtained by way of

eqs. (A-33), (A-57), (A-84) and (A-10?).

IV. Pblnt nd4 .Q9l Iiffloenoies (See "output moment"

Both point and cycle effioienoies are based on eq. (A-i25)

for the output moment M04 . Nog.

C-27
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The point efficiency Is computed direotly In the manner

of eq. (3), i.e.

MpK" 0 POINTEP (C-12)
,p - ratio n

The cycle efficiency is treated in the manner of eq. (C-8),

i....ratio .C CYCLIPP (C-13)

Kin (IXIN -" 1IN)

The program gives the summation as

MTOT EMo4 (C-14)

V. Gear Train Motion Model

The simulation of the gear train motion, which is necessary

for the computation of both POINTEP and CYCLBPF, Is found In a

loop which starts with statement label no, 14 (card no. 116)

and ends with card no, 199, As discussed earlier, the motions

of the individual driving gears are initialized at their respec-

tive angleu,AL1IN, AL2IN and AL3IN, (This

starting of the total train is arbitrary and is done only for

convenience. There Is an infinite number of other starting

combinations each of which produces a different starting point

efficiency.) The position of each mesh is subsequently Inoremen-

ted by the appropriate DELALI, DELAL2 or DBLAL3. When the angle

ALPHAI reaches the magnitude ALIFIN, CYCLEF Is determined, and

the computation In ended. Since meshes 2 and 3 go through

numerous oycles while mesh 1 goes through one cycle, they have

C-28
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to be reset to their initial angles of rotation once their

respective final angles have been reached. This is accomplished

by the conditional statements on cards 116 and 117.

The values of the signum functions sa, .2 and sa are

determined continuously according to eqs. (A-216), (A-222)

and (A-227).

The instantaneous posltions of the contact Al u &I#

A2 = a 2 ,and A3 a a 3 are determined for each of the meshes by

an appropriate adaptation of eq, (A-203), (See also eqs. (A-214),

(A-220) and (A-226).)

The determination of the instantaneous output moment,

Mo01 . No4 , requires the continuous computation of the variable

quantities A1 to A2 0 , C1 to C6 and D, to D4., which are given

originally in conjunction with the various equilibrium conditions

in section 4 of Appendix A. The program uses the following

nomenclature for theme variablesi

AAi to AA20

CCI to cc6

DDI to DD4

o. 0utDut taee Program INVOL 3, below)

Again, the output of the program is beet explained by wmean.

of the sample computation which is shown at the end of the

program. This example uses the gear data of the first three

sample computations of program INVOL 1I The output lists the

followingi

C-29
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I3

I. Input Parameters

Meor, No. I

CAPRP1 m RpI w .47727 in. (1.212 cm)

CAPRBI 0 Rb - .44849 in. (1.139 cm)

CAFROl = Rol = .48791 In. (1,239 cm)

RP2 a r.2 m .09091 in. (.231 cm)

RB2 u rb2 a .08543 in. (,217 cm)

R02 a ro 2  0 .11000 in. (.279 cm) (This is an ROFIN as given by INVOL 1.)

Also,

TRETAI 9 1l * 200

Mash Not

CAPRP2 U Rp2 * .20769 in. (.527 cm)

CAP•B2 = Rb2 a ,19517 in. (.496 cm)

CAPH02 Ro2 w .21579 in. (.548 cm)

RP3 a rp3 = .06923 in, (-176 cm)

RB3 - rb3 - .06506irn, (.16S cm)

R03 • r f- .08089 in. (.205 cm)

Also,

THETA2 2 200

CAPRP3 " RO - .17532 in, (.445 cm)

CAPRB3 0 Rb * .164?5 in. (.418 cm)

CAlM03 w R3 l a,8216 in, (.463 cm)

nP4 . rp4 .05844 in, (.148 cm)

R134 a rb.4 * .05492 in, (.139 cm)

O04 . ro0 a ,06828 In, (.173 cm)
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Also,

THETA3 - - 200

In addition,

MU = .2

RPMN 1000

M a mi m .51079 x 10- lb-seo2 /in, (8,943 g)

M2 = x2 . .17413 x 10-4 lb-seo 2 /in. (3.049 p)

M3 a m3 0 .69788 x I0-5 lb-seo 2 /1n. (1,222 •)

M4 * - .7745 x io06 lb-,eo2 /in. (0,136 g)

RI. M . . 75 in. (1,905 cM)

R2 0 R2 - .75 in, (1.90S cm.

R3 " .75 in-,0.905 cm)

R4 '4 .75 in. (c,9os cm)

RHO2 = P, = .060 in. {,is: cm)

RHO2 a P2  N .030 in, (GO.T cm)

RH03 w P3  * .025 in, (,064 cr

RH04 • P4  - .020 in. (,05.i cr)
-42

MD a Md2 * .15 x i0" lb-seo 2 Jn. (16.944 S-=m2

K . 25

II. QmMuted VAjLp.

The point etftioenoy it given as a funotion of the angle a,,

together with the slgnum parameters si, 82 and 33 (given for

oheoking purposes). The ryole efftolenoy is shown attho o nd

of the output. In addition, the input momentMIN,lm printe6 out.
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Program INVOL 31
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4, _ftogram INVOL, 4i s Po•__t, and C.Yoja §fflIj enoIes ror Ll.o

faes Involute SteD-Up Gear Train in

$ADIDnvIronment (All Meshes have

,ityI Contact•. Ra9tio)

The progrAu INVOL i4 In based on section 5 of Appendix A,

which derives the moment input-output relationship for a two

pass stop-up gear train, (perating in a spin environment.

Here again, all meshem have unity contact ratio, INVOL 4 is

very similar to INVOL 3 in Its oonstruotion. Again, the

expressions for the contact geometry and other Auxiliary

geometric terms may be found in seotion 6 of Appendix A.

a. j11pu.1t hn t (seo Pro.rai 'iNVOL 4, below)

The following parameters represent the input data for the

program, Those which involve gear dimennionu only must bo

obtained from the results of INVOL i since the moment exprosslons

are again derived for unity contant ratio only,

MU c, coefricient of rriction at all pivots and at all

tooth contact pointm

RPM, rovolutions per mir,ute of the fute body

CAPRPI w RpI

CAPRP2 N Rp2

R12 w rp2

RP3 w r

THETAI - 1

THETA2 02

(,,4,



ISTOP, arbitrary singledigit integer for multiple data sete.

It must 1be zero for last set of data,

R2 -

RHOl ,

RHO2 - "2

CAPRBI R

CAPRB2 Rb2

RB2 rb2
RB3 .rb3 

,

CAPROI w Rot

CAFR02 w Re2

R02 a r'o2

MN a mi, mans of input gear 1

M2 0 M21 mass of gear and pinion 2

M3 " m3 M86a of pinion

MD a md2, Omass-dittanoe" product contained in the following

expression for the input moment MI.

K = K2, the range divisor whioh Is assooi&ted with gear 2,

the dri.ving gear of the last mesh for this o•e*

(see sq. (A-207))

0-144
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b. Comvutiotls (see COMMENT oards In program)

I. Compuitatlon of MIN. Ga.mmas and Betas

To start with, the program computes the input moment

MIt * n w md* 2 (C-15)

The program computes the sngles Y21 y3 and Pio 02 according

to the expressions given in section 6b of Appendix A.

I1. DetermInation. ol the Qear Train Coastants

The determination of the Sear train conotants oonsists

of the followingi

RATIO . Kratio, (see eq. (2)). Since the angular velocity

is constant, this parameter, may be expressed

in terms of the applicable base radii, i.e,,

RbI x Rb2

rb 2 x rb3

TESTI and TSST2 ropreent the tangent funntions of the

mesh pressure angles, which are axed in conjunction with the

values nf th. signum functions a.

D1,and D2 are given by eqs. (A-204L) and (A-217), respectively,

and rtpresunt the distances between the points of tangenoy to the

base clrcles along the lines-of.aotion of the two meshes.

XTOT n 0 represents the Initialization of the sum of the

output moments. This is used for the determination of the uyole

efficiency.

'...... m.--.._.............,•. ......................



III. Determination o2 Initial and Pins2. alos of A. S,

Initialilstion of ALPHA$ And Centrifugal Forces

The determination of the initial and final angles of

rotation is accomplished with the help of subroutine ALPHA,

at the end, of the program, which makes use of eqs. (A-205),

(A-206) as well as (A-218) and (A-219). Thus, the initial

values of the individual angles of rotation, ALPHAI and ALPHA2,

are represented by ALiIN and AL2IN, respectively, while the

final ones are given by ALIFIN and AL2FINb

The angular increments of gears 2 and I, ie.,eDSLAL2 and

DELALI, are det mined with the help of eqs. (A-207) and (A-208),

respectively.

The centrifugal forces, "which act on the pivots of the j

various gear and/or pinion assemblies, are obtained by way of

eqs. (A-I3i), (A-154) and (A-178),

IV. •o•nt and CyAleM ,Sffience (SeeO "outbut moment"

Both point and cycle efficiencies are based on eq. (A-193)

for tho output moment M03 . Mo3.

The point efficiency is computed direotly in the manner

of eq. (3), i.e.

,p U K1 atio =Fo2T2I, (C-16)
Min

The cycle effloiency is treated in the manner of eq, (C-i3),

i.e.,

0-4.6 ,i
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Krati° •l - - CYCLE FF (C-i?)
In (m11FIN - IIIIN)

The pr.gram gives the summation Ls

MTOT = o (c-18)

V. Gear Train Motion Model

The simulation of the gear train motion, which is necessary

for the computation of both POINTEF and CYCLEFF, is fourd in a

loop which begins with statement label no. 14 (card no. 98)

V and ends with card no, 161.

Aa discussed earlier, the motions of the individual driving

gears are initialized at their respective anglea,ALIIN and

AL21N. CThis starting of the total

train is arbitrary and is done only for convenience. There

is an infinite number of other starting combinations, each of

which produces A different starting point efficiency.) The

position of each meah is subsequently incremented by the appro-

priate DELALI or DELAL2. When the anglo AL.HAt reaches the

magnitude AL1?IN, CYCLEFF is determined, and the computation

is ended. Since mesh 2 goes through a number of cycles while

mesh 1 goes through one cycle, mesh 2 has to be reset ti its

starting position,.A.L21N, once the angle AL2PIN has been reached.

This Is acoomplishod by the conditional statement on card no. 98.

The values of the signum functions a, and s2 are determined

continuously according te eqs. (A-216) and (A-222),

The instantaneous positions of the oonta~t, Al u a,

and A2 a 2 ,are determined for each vf the menhee by appropriate

I'' ' : '"S .. :'.. . .,'. .ii



adaptations of eq. (A-203). (See also eqq. (A-2 1 4•• "nd (A-2M0).)

The determination of the inetar-tRMeous nutput moment,

M'103 w M0 3 ,requires the continuous oomputation of the v&riable

quantities A, to A1.4 , C1 to C and D1 to D3, whhih &re given

originally in conjunction with the various equilibrium iond•.tions

in section 5 of Appendix A. The program uses the following

Snomenolature for these variables,

AA1 to AA14

cm to cc4

DDI to DD3

c. Output (see Program INVOL 4, below)

The output of the program is agoin oest explained with th,

help of the sample computation shown at the end of the program. J'r

This example uses the gear data of the fourth and fifth sample

oomputations of program INVOL 14 The output lists the following,

1. Input ParameterF.

CAFRPI = RP = .63636 in. (1.616 c•,)

CAPRB1 0 Rbl - .59799 In, (1-519 cm)

CAPRO n Ro0 1  - .64700 in, (1.643 cm)

RP2 r r - .09091 in. (0.231 cm)

RB2 * rb2 0 008543 in. (0.217 cm)

R02 r .2 .1097 in. (0.279 cm) (This is a ROFPIN as given by INVOL 1.)

Also

-~ 0TWETAHE 01 20
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Mesh No. 2
CAP1BP2 , Rp2 - .41077 in. (1.094 cm)

CAPRB2 . b2 .410479 in. (1.028 cm)

CAPR02 R0 2  4.3977 in. (1.!17 c:i)

RP3 m vP3 * .0654 itn. (0.156 cm)

RB3 " rb ' -,05783 in. (0.147 cm)

RO' o3 .07426 in. (0.189 cm)

Also

TTUTA2 * 2 200

In addition,

MU * .2

RPM * 1000

Ml - ml .51079 x 0-4t ib-seo2/in. (8.943 g)

M2 a m2  w .1741.3 x 10-4 Ib-seo2 /in. (3.049 g)

M3 a m3 - ,69788 x 10-5 ib-see2 /In. (1.222 9)

El w 'Al = .75 in. (1.905 cm)

R2 - 2 - .75 in. (1,905 cm)

R3 m 3 = .75 in. (1.905 cm)

RHOl P, .060 in. (0.152 cm)

RHO2 , P2  " .030 in. (0.076 cm)

RHO) m P3 - .025 in. (0.064 cm)

MD mdz = .15 x 10-4 lb-seo2 in. (16,944 g-cm2 )

K 25

C-49
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I.ComxutO~1 aj~jje

The point etficienoy is given as a function of the angle a,,

together with the signum parameters a, and '2 (given for oheoking

purpones). The oyole effioienoy Is shown at the end of the

outp~t. In a dd).ticn, the input moment.,MrN,ts printed out,

. .,

"K 0-5o

-. ,11 ,*W, VA•,!.
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Program INVOL 4
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AP•ENDIX D

GEOMETRY OF GENERAL CLOCK GEAR TOOTH

The general ogival tooth of thickness t and outside radius
r consists of a circular arc of radius p which blends tangentially

0

into a radial tooth flank, as shown in Figure D-I (only one

center of curvature is indicated). The center of curvature,C is

located at a distance a from the center of the gear or pinion.

Frecuently this distance a equals the pitch radius rp. The

tooth geometry may either be described with the help of the

parameters t, P and a, or with the combination t, P and ro,

Both approaches are shown below.

le TOOTH GEOMETRY WITH HELP OF PARAMETERS t, p AND a

Cx and Cy represent the coordinates of the center of curvature

C. C is defined by

x4

Cx = p - - (D-I)
X 2

D-I
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GEOMETRY OF OGIVAL TOOTH (ONLY ONE CENTER OF COR"ATURE SHOWN)
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The angle s is given by

CJ

sx (D-2)

With the above,

OCy a cosa (D-3)

Further, the outside radius ro may 'be computed from

C + P2-(D-4)

The angle I is obtained from

Y= sin P (D-5)
a

and the flank angle • from

= v - 8(D-6)

N,-
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The distancefo from the center of rotationO to the blend

point,F~of the flank of the tooth, is given by

f = a cos Y (D-7)

The angle 9 defines the tooth contact point S on the ogival,

i.e., circular, portion of the tooth with the lines OC and CS.

The minimum anid maximum angles n i and nma ere,respectively,

min = -- (D-8)2

and s
ro sin 6

max= sin' 1  (This angle extends (D-9)
p into the second quadrant)

iA

DI.i
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2. TOOTH GEOMETRY FROM PARAMETERS p, t AND ro

If the outside r&dius 0r is given, distance a must be

computed. The lengthC, is still given by Equation (D-1), while

"ro -h)a + ca (D-10)

where, according to Figure D-I,

All other quantities of intereat remain as before, i.e.,

C
* = sin" -- See Equation (D-2)a i

I~ P
y sin- - See Equation (D-5)

a

"• - 8 See Equation (D-6)

f a cosv See Equation (D-7)

Imin --. - v See Equation (D-8)

Imax sin= rosin See Equation (D-9)
p

D-5•ll
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APPENDIX E

KINEMATICS AND MOMENT INPUT-OUTPUT RELATIONSHIP FOR SINGLE

STEP-UP GEAR MESH WITH CLOCK TEETH

This appendix shows the kinematics of a single step-up gear

mesh with ogival teeth and derives the moment input-output relation-

ship, Both contact and pivot friction are included.

1, KINEMATICS OF AN OGIVE MESH

Figure S-I indicates the condition of initial contact in ogival

meshes when the circular arc portion of the gear tooth drives the

circular arc portion of the pinion tooth. 1 This type of direct

contact will be called "round on round". As the motion progresses,

the circular arc of the gear tooth moves into contact with the

straight flank of the pinion tooth Cyigure E-2). During this

"round on flat" phase, distance g at first decreases and then in-

creases again. Before round on round contact can again occur for a

givenl mesh, i~e., g has become equal to fp again, the subsequent

mesh comes into engagement with round on round contact. (See below.)

1See section b-VII of this appendix for a check that indicates
whether the initial contact is round on round or whether possibly
the round portion of the pinion touches the flat portion of the gear.

E-1

-. .. . .. .............



014J

P.1.T

40

'.4-4 44

a4J

4 P4

E-2



The kinematics of both round on round and round on flat phases

will be given first. Further it will be shown how to determine

those goar angles ,p, at which the regime changes from round on

round to round on flat, and at which contact is taken over by

the subsequent set of teeth. Since the ratio of angular velocities

between gear and pinion varies with contact point, and the pinion

moves faster for a given gear speed for round on round than for

round on flat, the original set of teeth disengages as soon as

the subsequent one makes contact. Thus, the contact ratio is

;nity for this type of goaring.

The gear tooth nomenclature given in Appendix D is used

throughout. The additional subscripts G and P refer to gear and

pinion ,rospectively.

a. ROUND ON ROUND PHASE OF MOTION

Figure E-1 shows the input angle 0 an the angle betweon the

x-axis and the center line, O0 W0 , of the gear tooth. The output

angleo is the angle between the r-axis and the centerline O

During this phase of motion, the line connecting the centers of

curvature C0 and CP is of oonstant length L P a + +P ard passes

E-3



through the instantaneous contact points S on the gear and T on

the pinion. Because of this constant length one may obtain both

the output angle 0 and the "coupler" angle A from the equivalent

four-bar linkage 03-Cc-Cp-Opl with ground pivot distance b.

I. UNIT VECTORS AND ANGLES v? AiLD_•

The unit vectors associated with round on round phase are

given now.

In direction OG-CG

n Goos(#- )r + sin(#- a)3 (a-1)

In direction C -CP

~ *CosAl + sinkj (E-2)

The unit vector normal to 7A (in the right hand sense) becomes

VINA sinAl + oos,• (E-3)

E-4 -..
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In direction Op-C ,

Pn coS( -8a) + ain( 0 -ap) (E-4)

Since A- ( a- IG) =

+ - + * - - (E-5)

The angle Ip is obtained from

, P -a>for°> .6a)

and
2 = • + ( 8p - fp) for - < 9o° (S-6b)

'The above values for•nG and q. are only good for the round

on round phase o1' the motion. For the round oh flat phase bhe
angle nGy, of the gear, may be of interext.(ee Figure -2). ,-2)
This angle is given by.

G•, 6)-(; + P ).+ for 0+ ap > 90 (E-6o)
[Pinion flank inand 4th quadrant]

q -(•- )( ) - f aor 0 + Xp < 900 (B-6d)
[Pinion flank in
first quadrant)

kt.



II. DETERMINATION OF OUTPUT ANGLE 0 AND "COUPLER" ANGLE

The loop equation of the equivalent four-bar linkage is

given by

pp)!,k~~ a~P+b

With appropriate substitution& for the unit vectors, according

to Equations (E-1), (E-2), and (E-4)o -no obtains the following
IIJ

component equation

aGcos( - aG) + LcomA + b - apcoo(o- a,) = 0 (E-8)

aGain(0- aG) + LsinA - a uin(o- 8p) 3 0 (E-9)

where

L P •P + Pp (E-10)

To eliminate A, let

hin2 A + cOa 2A = 1 (2-11)

H6
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Substitution of expressions for sinA and coax from Equations (E-9)

and (E-8), respectively, leads to

ARsin* + BRco•os (E- 12)

where

AR = sin(O- as) + cos(O- SO)tanaP + . tasnaP

B 00o0. oa(9- a) - in(- 0 )tansiR aa

a* + so + b2 -L b coes(- a0)
.4p2a s 08p a Cooss

Equation(E-1Z) is solved for 0 by a method similar to the one

given on pg. 296 of R, S. Hartenberg and J. Denavit; Kinematic

Synthesis of Linkages, McGraw-Hill Book Co., Now York, 1964. Thus,

2tan'Ai (R,,,13)

BR + R

The correct sign in Equation (E-13) must be found from the geometrio

conditions of the equivalent four-bar linkage.

....
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j • The "coupler" ugle A may now be determined either from Equation (E-8)

or from Equation (E-9), 1i.e.

"r apcos(o - 8p) aGcoa(0 - bG) -
A ao5"1 [ ] ... (E-1Lj1

or

i [ apin( - S)O aein(o - $a) ]s, a in " ... .. ... .( - )

L

III. DETERMINATION OF OUTPUT [PINION ANGULAR VELOCITY 0

Differentiation of Equation (3.-12)with respect to time leads

to

AR~sino 4, BRD~os# - C~w](-~

ARCOa* - BRsiIlo

where AR and BR are rivon with Equition (E- 12i), und ehere

ARD tansP in(o - a G) - oo(- &a)

B UD - sin(#- 80 ) + tanfpcos(o - 80 )

CR ... b sin(# - ao)S -.r.D -.. - .pc



IV. RELATIVE VELOCITY AT CONTACT POINT BETWEEN GEAR AND PINION

I
With point S on the gear and point T on the pinion, as

shown by Figure B-1, the relative velocity between gear and pinion

aA. the contact point is given by

V.4/T K VS/lo - VT/O' (E-?)

This roliative velocity is tangent to the contacting surfaces and

can therefore be expreeaed in terms of the unit vector INA

(see Figure E-0). Then, the above becomes

VS/T " (S/O 'N (7 T/O.' ViA)2 nNA (E-18)

or

V'/ [r x (&ON~ PGUA)] "NA - x (a~fi, PP ] ~ NA)

(E=19)

Appropriate scbetitution of unit vectors and simplification

results in

%,/T {[(3 A).+.p8 0- A)o4 - a.,oo,- Sp -, Pp]} NA

(E-20)

E.9
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b. ROUND ON FLAT PHASE OF MOTION

Figure E-2 gives the details of the round on flat contact

between the driving gear and the driven pinion. The input

angle 0 and the output angle ý are again defined counter-

clockwise between the x-axis and the respective tooth center

lines OGWG and 0 WP, Since contact is always made on the straight

radial flank of the pinion, the line SC, of the gear is always

normal to the flank of the pinion. The contact point is at a

distance g from the pinion center,Op, and thie distance is always

smaller than, or equal to the distance fp (which is defined by

Equation (D-7) in Appendix D). Again, the subscripts G and P

are used for gear and pinion tooth parameters respectively.

I. UNIT VECTORS

As before, the unit vector in direction 0GC is given by

= cos(O - 8G)I + sin(O - (E-21)

The unit vector in direction OPT, along the flank of the pinion

is given by

E-10
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•F = o(,÷=~ * sin(*, + -p) 3  (E-2,?)
nF =coa(O/ + P ++a)

The unit vector in direction SCG is normal to HF in the right

hand sense

nNF - - + ÷p)l + cos(O + 1p)3  (E-23)

I1. DETERMINATION OF OUTPUT ANGLE ' AND, DISTANCE g

The vector equation for the mechanism loop OG-CG-S-T-Op,

which forms the basis of the desired solution, has the following

form:

aGRG " GNF " + bI A 0 (E-24)

Substitution of Equations (E-21) to (E-23) furnishes the component

equations

a0cos(O- ) + PGsin(O +- - gcos(O + Op) + b = 0

(E25)

a~ain( - a) - PGcos(# + ap) - gain(O+r.p) = 0

(E26)

E-12
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From Equation (E-26) one obtains for g

aGsin(- -G) - PGcoS(O + ap) (E-27)

sin(4 + a

This expression for g is now substituted into Equation(E-25).

Rearrangement and simplification lead to

A sinO + BFcos• C (E-28)

where

AF = b cosvP + a- 0 - p) ,P

B = b sinp - amin(- - -p)

OF = " a G

The solution of Equation (E-28) for ' is obtained in the same

way as that of Equation (E-13), ite.,

~tan A~ j + 3~ ~(E-29)
B7  + C.

The correct sign in Equation (E-29) depends on the geometric

conditions of the mechanism position as in all four-bar linkage

solutions of this type.

E- 13
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III. DETERMINATION OF PINION ANGULAR VELOCITY

Differentiation of Equation (E-28) with respect to time

gives

Din# + FD (E-30)
LAF o - B 0

where AF and BF are given *ith Equation (E-28) and where

AFD = aasin(O - N- -p)

BFD a cos(o - 80 -

IV. RELATIVE VELOCITY AT CONTACT POINT BETWEEN GEAR AND PINION

As for round on round contact, the relative velocity

between point S on the gear tooth and point T on the pinion

tooth is tangent to the contacting surfaces. In this case it

will have the direction of unit vector IF (see Figure E-2).

Then,

E- 14
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S/T -VS/O - VT/Op 8[/0 F) " (VT/•; w,)

(E-31)

Since, because of the radial flank of the pinion, the velocity

of the contact point T is normal to unit vector F.

VT/Op' f = 0 (E-32)

Id

Therefore,

13 RF %F(E-33)

or

VS/T x (aa - PGoNF In] " I (E-34)

Appropriate subatitution of unit vectors givea'

VS/T = + a min(¢0- + + 8)] f (E.-35)

E=I('

I
i 
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V. DETERMINATION OF TRANSITION ANGLES FROM ROUND ON ROUND TO
ROUND ON FLAT MOTION

The transition angles 0T and 0T' which occur when the round on flat

phase follows the round on round one, may be determined with the

ftelp of the modified component equations (E-25) and (E-26), i.e.

one lets 0 =T' 0 =T and g = fp. This results ia

a~coa(kT -CG) + PGsin(OT + f.) - fpcos(oT + + b 0

(E-36)

and

aGSin(OT - G)- ,Go'(T + )- fpsin(ýT + P = 0

(E-37)

From the above,

cos(OT 8G) -[fco•aOT + p- b - PGsln(OT + a)]

G (E-38)

and

( 8G) Psin(OT + "P) + PGCo, ýT + "p) (E-39)
a I

E-16
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The angle 0T may now be obtained by first eliminating OT from

Equations (E-38) and (E-39). This •s accomplished with

V2

ilT 2 (¢T- 8G) + C8G 2 (€ - = 1 (E-40)

Substitution into the above leads to the following expression

in T:

ATsiInT + B TcOSOT - CT (E-41)

where

AT P 'GCosap + fpsinn-

BT PGSinn - pC1 cosa

CT G .. ....

a - f2  b2 _ -

G P G
0T 2b

Equation (E-41) is again solved in the manner of Equation (E-13)

OT 2 tan"I T BT + C-T T (E-42)
BT + T

E-17
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The correct sign must again be determined from the geometric

conditions.

The associated transition angle oT can now be obtained

either with the help of Equation (E-38) or Equation (E-39):

.f LCOSO + 
b]0

(E-43)

or

'T sin-1 fP i(T P) a0  QOS4' +

(E-44)



VI. SENSING GEOMETRY FOR THE DETERMINATION OF CONTACT OF

SUBSEQUENT TOOTH MESH

The following derives a computer sensing equation which

indicates when contact is transferred from one tooth mesh to the

succeeding one. Figure E-3 illustrates the case. The active

mesh is in the round on flat mode and the subsequent mesh will

make its initial contact in the round on round mode. This

L Subsequent
Pinion Tooth Mesh Gear
Rotation/ Rotation

0

Active
Tooth Mesh

Figure E3

Sensing Geometry for Oontaot of
Subsequent Tooth Moab

E-19
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assertion is based on experience with the three gear and pinion

combinations of the M125A1 booster. In each of these instances,

the subsequent mesh makes contact before the round of the gear

has left the flat of the pinion in the active mesh, i.e.,g < fp.

(See work in section V.) It has also been found that initial

contact of the subsequent mesh is always in the round on round

mode. Generally, contact between the flat of the gear and the

round of the pinion does not occur, and it has not been considered

in this report. Section VII gives a criterion for the existence

of this inverted round on flat mode of contact.

Once contact has been made by the subsequent mesh it becomes

the new active mesh. This can be proven by the fact that, for

a given angular velocity b of the gear, the angular velocity

of the pinion is always larger in the initial stages of the

round on round mode than in the final stages of the round on

flat one. Thus, once the new mesh has made contact, the old one

separates rapidly and the "contact ratio" is always unity.

SThe above may be shown

theoretically by the position of the instaiit center of rotation

between the gear and the pinion on line OGOp.

If %,0 and %0 represent the angl.es between the individual tooth

center lines of the gear and pinion,respectlvely, (see Figure E-3), the

E-20
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closure equation for the subequent mesh may be written in terms

of the active mesh as followei

AP cos(O,- ap + O)I + sin(ý - 8p + 41 + LxI + LYý

b 1 + a0  L o6(0 - a - A) + sin(O 3 G 402

(E-45)

where Lx, L = components of the distance L = CpCG

= pinion angle determined from round on flat
mode according to Equation (E-29)

The components Lx and Ly may be obtained from Equation (E-45):
y?

Lx b + aGoa(' -COC- a ) - apOOS(0 -ap + 1)

(E-46)
and

L = aGuin(O- - ) - apsin(- -p + O) (E-4?)

P.-21
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Contact will have occurred when the distance L becomes equal to#

or slightly smaller thaen the sum of the two radii of curvature

PG and Pp. Thus, the criterion of contact becomes

2 P + p (E-48)Lx + L y < G ( -8

~.,.

E-22
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VII. POSSIBILITY OF FLAT OF GEAR MAKING CONTACT WITH THE
ROUND PORTION OF THE PINION

Figure E-4 shows a transition configuration in which the

flat part of the gear tooth makes contact with the circular arc

of the pinion, i.e.1OGS = f0 ' The radius of curvature Pp of

of the pinion will only then be normal to the flat of the gear

cf .
Caa

S/
ap 0

Op G G

b

FIGURE E-4

FLAT OF GEAR CONTACTS ROUND OF PTNION

.- 23



when 0 r fG* Accordingly, in order to avoid this type of contact,

the following criterion must be met:

b > [ -P + f 2 + P2 (E-49) .

The three gear meshes of the M125AI booster always satisfy

equation (E-49), and therefore the initial contact is made in

the round on round mode.

E-24
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2t MOMENT INPUT-OUTPUT RELATIONSHIP FOR SINGLE STEP-UP GEAR
MESH WITH OGIVAL TEETH

The present section concerns itself with the determination

of the equilibrant moment Mo acting on the output pinion of a

single ogival mesh, when the input moment Min, which acts on

the gear, is given. This relationship must be derived both
for the round on round and for the round on flat phases of the

motion. The directions of the pivot friction forces are

again chosen such that the resulting moments oppose the motion

of the respective component. (See Appendix A.) The magnitude

of these friction moments is expressed in the manner of equation (A-2)

of the aforementioned appendix. The direction of the friction

force of the gear on the pinion is the same as the direction

of the relative velocity %/T' of the gear contact point S

with respect to the pinion contact point T. This will be

expressed by the appropriate signum convention. It must also

be remembered that the kinematic expressions must conform to

the motion phase under consideration.

E-25



a. INPUT-OUTPUT RELATIONAHIP FOR THE ROUND ON ROUND PHASE OF

MOTION

Figure E-5 shows the free body diagrams for the round on

round phase of motion with the gear considered to be component

no. 1 and the pinion defined as component no. 2. The contact

forces F12 and F2 1 are expressed with the help of the unit

vector H. [see equation (E-2)] . This unit vector is always

normal to both contacting surfaces at points S and T. The unit

vector R is used to describe the direction of the friction

forces at the contact point. The sense of these friction forces

is determined with the help ofV1
S/T (E-50)

I...

(See equation (E-20) for VS/T.) Since the friction force F

of the gear on the pinion has the same direction as the relative

velocity VS/T. one may write

Ff 1 2  n oaFjaFNA (E-51)

where A represents the coefficient of friction at the contact point.

EI-26 I
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Since

the friction force of the Pinion on the gear becom~ee

Ff21  z MS*FI2tfiNA (E-53)

I.FORC-X AND MOMENT EQUQLBRIUM OF THE QELIR

The force equilibrium of the gear is assured when

mF 8F1a + F71 J AF J MAF~i

In the abovo As alsao stands for the pivot coefficient of friction.

Homent equilibrium is given by

Mi nk x ypiar7Tý + LaG A]4 X A 12 NA]

.0

Eslim



The unit vector R is defined by equation (E-1).

The following component equations may be obtained from

equation (E-54):

-F 1 2 0osA + PsF12sin - F -XFyI 0 (E-56)

and

""F- ,LIF120oUx + -FAFxl 3 0 (E-57)

After substitution and cross-multiplication, one obtains

the moment expression, equation (E-55), in scalar form:

"" yF + FF2- Ase'G + a* 8n( O "

-Ana 0co( - -)] a 0 (E-58)

Simultaneous so2ut;Lon of equations (E-56) and (E-57) for F

and Fy1 results in

(I + . s)oos, 1 + -l&)inx
FxI = "F1L 1 . . .. (E-59)

and

(I + A2 s)sinA - (1 - oaxoe
FYI F12 I + 2(-60)

E-29
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I

These results are now substituted in equation (E-58). Since

82 is unity and always positive, the resulting expression for

F1 2 has the following form:

F12

Min
F~a" •h sp0) + a0 [ •,oosCrP - a0 - A) - ,'in(• - a0 - A) J

Ft..

FlaF

I1, FORCE AND MOLI.NT EQUILIBRIU.' OF THE PINION*

Force equilibrium of the pininn is asuured by

F12KA + ASFlI2NA + FXJ• + FY23 + ,Fy2l - ,Fx 2 3 5 0

(E-62)

Moment equilibrium must satisfy

Mk 2 + F x + ,l0 X t. 2P P~ A NF2

0 (E-63)

E-30
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The unit vector E is defined by equation (E-4).
Equation (E-62) gives rise to the following component

equations:

F 1 2 coax - AsF 1 2 sln+A + + ,Fy 2  0 (E-64)

and

F12 sin + USF12coax + F - &F 2 0 (E-65)

The moment equation (E-63) becomes, in soalar form1

Mo + pF 2  + FlaL•Asep - a (sin(O - ap - A)

+ Muapoos(#t- Ap )] =

(E-66)

Simultaneous solution of equations (E-64) and (E-65) for F

and F~2 results in

uxl-- F12  iIn " j& Ba)OO°• Ix2 12 e. (E-67)L~1 + I +M

and

Fy 2  -F 1 2 [•(I + s)cs.. + I. + i' 2I)ein' (E-68)
1 +
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The above expressions are now substituted into equation (E-66).

Again, a is unity and always positive, and the following

expression may be obtained for the contact force F12 in terms

of the equilibrant moment M

F Mo
F12 0-

A (sP P- F2) - AV[Msoo(O- ap- A) - sin(O- ap )

(E-69)

II. MOMENT INPUT-OUTPUT .RELATIONSHIP
I

When equations (E-61) and (E-69) are set equal to each

other, one obtains the following input-output relationship:

M&(5Rp - ,2 ) - aUs•0.oe(i(- bp, -A) - sin( 6- -A)]
° Min ( +ao°C- 6o -A) " sin(# - 6b -A))

('-.7o)

To aocount for the faot that equ.(E-70) is only valid for the

round on round phase of motionthn signum symbol has now been

changed -to e

R-e2
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b. INPUT-OUTPUT RELATIONSHIP FOR ROUND ON FLAT PHASE OF MOTION

Figure E-6 gives the free body diagrams for the round on

flat phase of the motion. Again, the gear is considered to

be component no. 1, while the pinion is component no. 2.

Using the unit vector INFT of equation (E-22), which is normal

to the flat side of the pinion to express the force F12 of the

gear on the pinion, one obtains

F12 " " F piNF (E-71)

The friction force of the gear on the pinion again has the same

direction as the now applicable relative velocity VS/T of

equation (E-35), With

SVS/T (E-72)

as the applicable signum convention, the friction force IF1,

becumes

F F (E-73)

E-33
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The contact force F2 1 of the pinion on the gear and the associated

friction force are equal and opposite to the forces given by

equations (E-71) and (E-73) respectively. Thus,

F21 F F127'NF (E-74)

and

Pf2n -,sF 1 2 ny (E-75)

Note that the kinematics of the round on flat phase must now be used,

I. FORCE AND MOMENT EQUILIBRIUM OF THE GEAR

Force equilibrium of the gear is given by

F12HNF - IsF12 EF - F X1 + Fy 1 3 - 4Fy1i - ,Fx,3 07O

(E-76)

Moment equilibrium requires

Mint - p M 1  7+ - 1k + [aR a - GýNFj x [F, 2%F -A 9aF I2F1

E 0 (5-77)

E-35
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Equation (E-76) furnishes the following component expressions

-F 12 sin(/ + - USF 1 2 cos(O + - FxI - 0F1  0

(E-78)
and

F12cos(o + ty - msF 1 2 ein(O + ap) + F - MFxI 0

(E-79)

The scalar form of equation (E-77) is given by

M -" F2l +F2 + F12[ /sP G + a0 coý'( " 8G "

+ ýAsaGsin(O-aG-#- cp) = 0

(E-80)

Simultaneous solution of equations (E-78) and (E-79) for Fx1 and

Fy turnishesYl

F I=- s)Cos(O + .0) - (1 ++
Fxi F12 +

(E-81)

and

.F 12  ,(1- s)sin(O + ,V + I + s)CO + ,
y1 12 I + •2I

(E-82)

E-36
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The above results are now substituted into equation (E-80).

2Since s is again unity and positive at all times, the resulting

expression for F 1 2 becomesin terms of Min'

F12 = M~in ...

F1 ( P + -PG a n c 08(0 0 uss 4~ in(o aQ 4P)j

(E-83)

IIr . FOROE AND MOMENT EQUILIBRIUM OF THE PINION

Force equilibrium of the pinion is expresaid by

"F121F + M sFI rF + F +2i + + JsF.•y -" 0

(E-84)

Moment equilibrium requires that

0 + 2Fx2 y2 nF (1F2nNF) 0

E-37
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Equation (E-84) furnishes the following component equations

F1 2sin(O +p + AeF 1 2 cos(O + ap) + Fx2 + AFy2 * 0

and (E-86) ¶

"F" + " + F÷ 2- - 0 a

(E-87)

The scalar form of the moment equation (E-85) becomes

M + MP2  FX2 + 2  gFa u 0 (E-88)

Simultaneous solution of equations (E-86) and (E-87) for Fx2

and Fy loads to

""2 S)sin( + 1 + o +

(E-89)
and

0 
2 COA 5Cos( + ap) - ( 8 )sin(# + a)-

F F L

;1 r

(E-90)
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The above expressions are now substituted into equation (E-88).

Again, a2 is unity and positive. The following expression for

F 12 is now obtained

M° (E-91)

II. MOMENT INPUT-OUTPUT RELATIONSHIP

When equations (E-83) and (E-91) are set equal to each

other, one obtains the following input-output relationship:

M"( + uesain(¢ - b4-(- 1)]

1M FPG G±4 0 Oi + -aan 4 - 6_ CL")]

(S-92)

Note thet the signum symbol has been changed to sF in the above

expression to aocount for the fact that the expression is only

valid in the round on flat phase of motion*

E-39
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APPENDIX F

COMPUTER MODELS FOR A SINGLE

STEP-UP GEAR MESH WITH CLOCK TEETH

The present appendix contains descriptions, listings and

sample outputs of the following computer models relating to

single step-up gear meshes containiing clock (ogival) teeth

I. Program CLOCK Is. Kinematics of single pass step-up

gear mesh with clock (ogival) teeth

2. Program CLOCK 21 Point and cycle efficiencies for

single pass step-up gear mesh with

clock (ogival) teeth

The relevant background, the input parameters, the manner

of the computations, and the form of the output of each program

are discussed In detail. The program proper forms the last part

of each section,Vi

F-1
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1. Program CLOCK l.. Kinematics of Single Pal StOsp-UD G ea

Mash With Clock (Ogival) Teeth

The program CLOCK I is based upon that portion of Appendix E

which deals with the kinematics of single mesh step-up clock

gearing. It may be used to check on the geometric performance

of clock type meshes.
The nomenclature of the program is chosen to

coincide as much as possible with that of Appendix D as well

as that of Appendix E.

a, Inl-ut Parameters (see Program CLOCK 1, below)

The following parameters represent the input data for the

programs

CAPRP w Rp, the pitch radius of the gear

fP a rp, the pitch radius of the pinion

AG . aG, the distance from the center of rotation of the gear

to the center of curvature of the circular arc portion

of the gear tooth

AP ap, the distance from the center of rotation of the pinion

to the center of curvature of the circular arc portion

of the pinion tooth

RHOG PrG, the radius of curvature of the circular arc portion

of the gear tooth

RHOP = Pp, the radius of curvature of the circular arc portion

of the pinion tooth

TG * tG, the maximum thickness of the gear tooth

F-2
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TP a tp, the maximum thickness of the pinion tooth

VG = nG, the number of teeth of the gear

NP a-np, the number of tooth of the pinion

K w range divisor

PHIDOT - = 1, all velocity computations are based on thle value

b. Computations (see also COMMENT oards In Drowram)

I. Computation of Gear Tooth Parameters

The following tooth parameters of the gear as well as of

the pinion are first computed,

i ,or the near

OXG W 0 XG (see eq. (D-l))

DELO 60 (see eq. (D-2))

CYG * oyG (see eq. (D-3))

ROG r toG (see eq. (D-4))

GAMMG - YG (see eq. (D-5))

ETMING = "mi, (see eq. (D-8))

E'TMAXG n "maxG (see eq. (D-9)

For the pl ion J!

II CX? 0 oxp (see eq, (V-i))

DELP * 6 p (see eq. (D-2))

CYP 0cyp (see eq. (D-3))

HROPa rop (see eq. (D-4))

GAMMP a yp (see eq. (D-5))

ALPHP - ap (see eq. (D-6))

l-3
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EETMINP mlnp (see eq. (D-8))

;ETMAXP a imaxp (see eq. (D-9))

FPm fp (see eq. (D-7))

In general

B . b, the center distance between the gear and the pinion

DPXI 4(p, the angle between the center lines of adjacent

gear teeth

DPSI 4 , the angle between the center lines of adjacent

pinion teeth

L (see eq, (E-1o))

II, Determination of Transition Angle

In order to define the ranges for the round on round and

the round on flat phases of motion, it Is first necessary to

locate the transition anplescT and OT. This is accomplished

with the help of the expression contained ii section lb-V,

Appendix F -The transition angle OT is first solved according

to eq. (E-42). Since the solution furnishes two answers, ,,e,,

the angle. *Ti and OT?2' it is necessary to decide which of

these is the desired one, The principal criterion for selecting

the correct value of #T it based on the motion of the contact

point T with respect to the pinion, The first transition

angles OTI and 971 occur as the contact point moves from the

round portion of the pinion to the flat one (for increasing

values of p), An this motion is continued, the distance g

becomes smaller than the transition parameter fp. Once g has

reached its minimum, the contact point moves outward on the

F-4



pinion flat until g theoretically equals fp once again. This

part of the motion is never completed in actuality since the

subsequent set of teeth takes over before g reaches this tran-

sition value. It is this second transition situation which

corresponds to the transition angles OT2 and (T2' Since the

round on flat equation does not recognize any limitation on

the length of the pinion flat, an increase of i over the value

of VT2 will have associated with it a theoretical value for g

which in larger than fp, Thus, one may identify the correct

value Of (T and OT by noting that an increase in the angle v

must lead to an associated value of g which is smaller than fp,

The program uses this criterion in the following manner

after OT1 and O'T2 are knowni

A. Subroutine TRANS is called and the angle VTi' which

is associated with OTI' Is computed with the help of eqs. (E-43)

and (E-44),

B. The angle p is made slightly larger than ;T to produce

PHINBXT, and eq. (E-29) is used to find the associated angle

PSINEX. Since there are two such angles, the subroutine selects

the one which is closest to the value of transition angle OTI'

Subsequently, the associated value of g, is computed according

to eq. (E-27),

C. Steps A and B are then repeated identically for the

second transition angle OT2. This results in the determination

of g2 6

D. Control remains with the main program, and that value

of •T is chosen for which the associated value of g Is smaller

F-5
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than fp0

For checking purposes, a subsidiary test for the determi-

nation of the transition angle was added to the program. It

is based on the idea that, for the correct transition angle #T-

the line representing the flat portion of the pinion will make

a smaller angle with the center line 000p than will be the case

for the Incorrect one. To this end, TESTI and TEST2 find both

angles with the help of

TEST - 3600 -(T + (P-i)

III. 2etorMICAtion of Correot SiMn for Round on
flat Regjime

The sign preceding the square root in eq, (E-29), for the

round on flat regime, is determined with the help of the angle

VT, The condition which yields that angle 0 which in olosest

to OT governs, The variable SIONP is used for the sign under

consideration.

TV, Com~utation of Final and Initial Values of vT and 0

The final and initial values of the gear and pinion angles

are found by continuously evaluating the round on flat equation

(E-29), using the previously determined value of SIGNF, and

simultaneously ohecking the contact condition for the subsequent

set of teeth, as given by eq. (9-48). This loop it initiated J

at the transition angle and terminated once the condition of

eq. (E-48) is met, This allows the simultaneous determination

L±. !



of both the angles at which the first set of teeth loses contact

and at which the second set of teeth comes into engagement. The

latter is accomplished by subtracting a from the "loss of contact"

angle T•F and adding AO to the "loss of contact" angle Op (see

computations following statement label no, 70). PHIF and PSIFF

represent the angles when contact is lost for a given mesh, while

PHI! and PSII stand for the angles when initial contact is made.

V. D•etermination of Correct Sian for Round on Round Rewime

Eq. (3-13) is used to determine the angle 0 while the gear

and pinion are in the round on round regime. The correct sign

in oq. (3-13) is obtained by comparing the value of the angle •.

as computed with PHII, with the value of PSIX. SIGNR is the

variable which furnishes this sign.

VI. Kinematics

Since the limits as well as the correct signs for both the

round on round and the round on flat regimen are known, the

various kinematic properties of interest may now be computed.

The angular increment DDPHI of the input angle is found

by dividing the range from PHII to PHI? into K parts, (K is

the range divisor.) The computational loop begins with state-

ment label no, 110 and ends with the third card from the end

of the main program. The computation is terminated when the

angle V exceeds PHIF,

F-7
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A. Round on Round RoEime

As long as PHI is smaller than the transition angle PMIT,

the kinematice of the round on round phase of motion is computed.

This results In -the followingi

PSI * # (see eq. (E-13))

LAMIDA X •, (see eqs, (E-•4) and (E-15))

PSIDOT , # (see eq. (E-i6))

VSTR w VS/T for round on round (see eq. (E-20))

SR a s (see eq. (E-50) for later use)

ETAPH a lip (see eqs. (E-6a) and (E-6b))

STAGR a 11G (see eq. (E-5), For discussion of the usefulness of

,ip and 'i' asee output in section c below.)

B. Round on Flat Resime

When PHI in larger than the transition angle PHIT, the
kinematics of the round on flat phase is computed. This

computation includes the following,

PSI w 0 (see eq. (3-29))

G u g (aee eq. (E-27))

PSIDOT v 0 (sea eq. (E-3o))

VSTF w VS/T for round on flat (see eq. (E-35))

SF w s (see eq. (3-72) for later use)

ETAGF " OFp (see eqs. (E-6c) and (E-6d))

A1 
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o. Output (see Program CLOCK 1, below)

As previously, the output of the prograr is best explained

with the help of the sample problem at the end of the program.

It contains the followinge

I. Input Parameters

CAPRP . Hp . .47?25 in. (1.212 cm)

RP w rp .09085 in. (0.231 cm)

AG * a0 .w 4?725 in. (1.212 cm)

AP w ap a .09085 in. (0.231 cm)

RHO0 . PO n .03870 in. (0.098 cm)

BROP w Pp M ,017i0 in, (0,044 cm)

TO w t0 = .03480 in. (0,088 cm)

TP tp w .02800 in, (0.071 cm)

NO w nO a 42

NP W np 0 8

K •50

1I. Computed Values

The following parameters are printed outt

DELOD w 6G - 2.58800

DELPD* 6 p a 2,14480

GAMMPD yp . 11.0418O

ALPHPD ,. p , 8,89700

STMYNGD w rminn U 85.34880

ETMAXGD a 144.04840
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ETMINPD = 'imSnp - 78.95820

ETMAXPD w ,maxp , 166.58700

PP i fp a .08917 in. (0.226 cm)

The printout concerning the transition angles consists of

two lines. While the program automatically picks that transition

configuration which leads to a decreasing value of g as q is

increased, both transition angles are printed out for checking

purposes, Thus, one finds

(TI * 186.360 OTI 0 308.630 gs, .0895 in, (0,227 ca) T•RS1 P 42,470

(T2 178.750 OT2 . 34-6.650 g2 " .0888 in. (0.226 cm) TBST2 w 4.450

Clearly, the second line represents the solution sine,

g2  ..0888 for a slight increase in the angle ( over (T'O
This is less than the value of fp w .08917. In addt n,

TEST2 furnishes the smaller number of degrees. Recall '

TEST represents the angle between the flat of the pinion

the line connecting the pivots,

Furthermore, the program shows the initial and final angles

of' oontacto

PHIID w the angle v at initial contact

PSIID a the angle 0' at Initial contact

PHIPD w the angle T at final contact

PSIFD a the angle 0 at final contact V

F-10
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Note that angle v increases while the angle 0 decreases from

the beginning to the end of the contact.

The computaticnal loop begins with PHIID and ends with

PHIFD. Further, when PHID reaches the approximate value of

PHITD, the output shifts from round on round parameters to

round on flat ones. The purpose of the multiple output through-

out the motion of the mesh is to gain insight concerning the

beh-vlor of the mesh as well as to be able to check geometric

values.

The following conclusions may be drawn for either of the pha3es

as well as in general for the aars under consideratii.

A. Roun4 on Round Phase (176,2623° < * < i?8,6623 0 )

PSIDOT, the angular velocity of the pinion, is neg•tive,

and at all times near the "gear ratio" of 42/8 - 5.25,

SR is printed here only for checking purposes. It becomes

important in the moment Input-output analyses of progiam CLOCK 2.

The angles ETAGRD and ETAPRD are of interest because one

needs to make sure that the contact between gear and pinlin does

rot occur too close to the respective tooth tips. This is

necessary since the present mathematical model has a pointed

tip while in a real situation the tips "re rounded. Thus, if

contact is sufficiently far from the tips of the teeth, the

present model will give valid answers.

The range of ETAGRD is approximately between 860 and 900.

This is considerably smaller than the ETMAXOD of approximately
0 I1440 and larger than the ETMINGD of approximately 85 (The

.......-...-



latter shows that the round of the pinion tooth does not touch

the flat of the gear tooth.)

The angle ETAPRD of the pinion tooth Is always consider-

ably smaller than ETMAXPD. Since contact is transferred to the

flat portion of the pinion at the end of this phase of motion,

ETAPRD almost equals ITMINPD at that point.

LAMDAD is given for general checking purposes only.

00B. Round on Flat Phase (178.6623 < y < 14.8340)

The angular velocity ' continues relatively smoothly

after the transition. The distance g remains smaller than

fp, as expected, and it reaches a minimum of .0822 in. at
0

SA182.5 , It is further to be noted that g never reaches

the value of fp again since the subsequent set of teeth takes

over when g .084•9 in. (0.214 cm). For the present program to be valid,

it is neoessary that contact ends before the round on flat

phase is completed.

As before, sF is given for checking purposes only, and

its value has been confirmed, Just as was done for sR, by

graphical analysis (not shown).

The angle ETAGFD of the gear reaches a maximum of approx-

imately 130 at the end of this phase. Since this is well

below the maximum value HTMAXGD = 1440, there is enough margin

for a tip radius on the gear tooth.

F-12



C. General Considerationg

As expected for a direct contact mechanism of this type,

the angular velocity ratio, as represented by PSIDOT, is not

constant and has a greater absolute value at initial contact

than at final contact. This indicates that the pinion will

speed up somewhat as the subsequent set of teeth comes into

contact, and that therefore, the original set of teeth loses

contact at that instant. This means that the "effective

contact ratio" is unity.

~P-1

IL



Program CLOCK 1
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2. Program Clock 2: Point and Cycle Efficlencles for Single

Pass Ste1-UP Gear-Mesh With Clock

(ORlval) Teeth

The program CLOCK 2 furnishes the moment Input-output

relationship for a single step-up gear mesh with clock (ogival)

teeth as derived in section 2 of Appendix E. This program uses

the same kinematics as program CLOCK 1, and It differs from that

program only in that it also determines both point and cycle

efficlencles. Because of the above, sections a to c below will

only contain discussions on those portions of the program which

are different from CLOCK 1, The last section shows the complete

program CLOCK 2,

a. Input Parameters (see ProgramCLOCK 2, below).

In addition to the input parameters of CLOCK i, the following

data must be supplied to the programi

MU a p., the coefficient of friction at the gear and pinion pivots

as well as at the contact point between the gear and the

pinion

RRO1 O P1, the pivot radius of the gear

RHO2 = P20 the pivot radius of the pinion

b, Comoutations (See also COMNENT cards In Drgoram)

I. C omRutation of Gear Tooth PXramete~r

The computation of the gear tooth parameters is identical

P-23
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with that given in program CLOCK 1.

II. Determination of TransItion Angle

The transition angle is determined in the same manner as

described in program CLOCK i.

II. Determination of Correct Sign for Roiid on

Flat Regime

This computation is also Identical with that given in

program CLOCK 1. V
IV. Computation of Final and XIItaa Values of q and 0

This computation is also identical with that given In

program CLOCK 1.

V. f eterminJtgon goj rect Si&n for Round oa

Round Regime

I This computation is also identical with that given in

program CLOCK 1.

VI. Kinematics, Point and Cypje_ Efficienoies

j r The angular increment DDPHI of the input angle is found

in the same manner as shown in program CLOCK 1. While the

initial, transition and final angles of the mesh are obtained

in the same manner as shown in CLOCK 1, the computational loop

of the propram ranges from the initial angle PHI1 to one

increment before the final angle PHIF. This is necessary in

VP-24
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order to accommodate the numerical integration for t1he cycle

efficiency.

A. Round on Round Regime

As before for CLOCK 1, as long as PHI is smaller than

the transition angle PHIT, the kinematics of the round on round

--phase of the motion is computed for each increment. These

kinematic computations are identical with those given in

CLOCK I. The point efficiency in this phase of motion !.s

obtained with the help of eq. (E-70) and takes the form of

eq , (3 , t oe .

Mo
= Kratio M(F-2)

Since the transmission ratio depends on the angular velocity

ratio, and the input angular velocity is unity, eq. (F-2) becomes

0p=M_ $ (POINTEF)(')

Min

B. Round on Flat Regime

When PHI is larger than the transition angle PHIT, the

kinematics of the round on flat phase becomes applicable. While

the computed kinematic quantities are identical with those of

CLOCK 1, the present program contains an expression for the

point efficiency for the round on flat phase of the motion.

This expression is obtalried with the help of eq, (E-92), and it

F-25

:•,, "'•• i i i " ~ i li i i ''i "J ' I ..................... "..."-.....;.- •I i°i ' / i Ji | J /i



is computed in the manner of eq. (F-3) with the now current

values of the output angular velocity PSIDOT.

C. Computation of Cycle Efficiency

Once the computational loop is terminated, the cycle

efficiency is computed in the manner of eq. (C-10) of Appendix C,

i~e.,

-c . . (CYCLEFF) (F-4)
(FIN "- 'IN)

The summation was accomplished inside the loop in terms of

MTOT - MTOT + POINTEF (F-5)

Further,

Acp DDPHI in the program, and similarly

IPFIN * PHIF and

qIN PHI,

c, Output (See section d below)

The output of CLOCK 2 is identical with that of CLOCK I with

the exception that the point and cycle efficiencies are printed

out. The identical geometric parameters are used, and therefore,

the same kinematic output is obtained.

•' FP-26
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APPENDIX G
KINEMATICS OP TWO AND THREE STEP-UP GLAR TRAINS WITH CLOCX TBETH Ii

Figure G-1 shows the basic configuration of a three step-up

gear train used in certain fuse applications. The general

layout is identical to that shown in Figure A-5 of Appendix A.

Now, oeival type gear teeth are used instead of involute type

ones. Again, it is required to find the equilibrant momentM 0 4 ,

acting on pinion no. 4 which holds the input moment, an,

acting on gear no. 1, in equilibrium when both pivot and

contact friction are taken into account, and when the fuze

-Ibody spins. Appendix H gives the force and moment analyses for l

the determination of this moment input-output relationship.

The same appendix also shows the derivation of such an inpvt-

output relationship for a two step-up gear train with ogival

gear teeth which must operate in a spin environment. (Figure A-1O

of Appendix A shows this type of configuration with involute

teoth.) The present appenaix lays the groundwork for the moment

relationships of Appendix H by providing the kinematics of

the three ogival gear meshes involved.

In eaoh case both round on round and round on flat phases

.- 1
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of motion have to be considered. All derivations follow the

pattern set in Section 1 of Appendix E. The derivat:.ons must

take into account that the driving gears of meshes no. I and

no. 3, i.e.,,between gear no. I ana pinion no. 2 and between

gear no. 3 and pinion no. 4, respectively, have clociwise
If.

rotations. The driving gear of mesh n~o. 2, i.e. ,between gear no. 2

and pinion no. 3, has counterclockwise rotation.

Finally, the inclinations of the various pivot to pivot

oenterlines with respect to tho body-fixed X-axes, as represented

by the &,es #1, #'2 and f,, must be uonsidered.

For the sake of simplicity, the notation will in most cases

not differentiate between round on round and round on flat phases

of :notion. For example, the output angle,k: ,and its derivatives

will have the same symbol for both phases.

For definitions of angles 01 and yi as well as the distancesIinee Appendix A-6,

G'-3
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1' 1. KINEMATICS-OF MESH{ NO. 1 (GEAR NO. I AND PINION NO. 2)

a, ROUND ON RU~ND PHASE OF MOTION

Figure G-2 shows the round on round phase of the motion

of mesh no. 1 in a schematic manner, Only the contacting faces

of the gear and the pinion are indicated.

1. UNIT VECTORS

The unit vector in the direction 0100 of the gear is given by

10G

The unit vector in the direction CGCIis given by

E coax I + sinx,3(0a

T1he unit vector normz2. to RI(in the right hand sense) becomes

nNA1 .-5ifl 1i + COBA13 (0-3)

G-4
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The unit vector in the direction 02 C. 1 is given by.

oPI = COS(#l + 8Pj)1 + ain(o, + ap1)y (G-4)

Finally, the unit vector along the centerline, 0102 0 is given by

noo=esp13 + ain•1 (G-5)

F+

II. DETERMINATION OF OUTPUT ANGLE I AND "COUPLER" ANGLE A

The loop equation of the equivalent four-bar linkage is

given by,

1ai3 -IP1 P1 - b1i0 1  0 (G-6)

where LI= PG1 + PpI (G-7)

With the appropriate substitution for the unit vectors, one

obtains the following component equations:

0-6
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a01 Cos(4 1 +G1 + L coax b coo~3 pC3Ij+8i 0

(G-8)

and

a0 1 sif(Ob 81 + L~sinx, b bsing,1  ap1sin(o, + spl) 0

(0-9)

To eliminate A,, let

2 2 0-0sin X + coo(-0

The above trigonometric functions are obtained from equations

(G-8) and (G-9)#respeotive).y, Substitution into equation (G-10)

furnishes

A s~in '1  + Bl cosot 0 (G-11)

where

AIR a01sin(o1 + -G api) -b~oln(/ 1 - an)

B aG1osO8l + a aP) - blooe(/31 - j)

2 2 2 2
a a 1 1 2 01b~cos(Oap PI 01  1b 1~a + aO -

............................



Equation (0-11) is now solved for 01 in the manner described

in Appendix E in connection with equation (E-12), i.e.,

A + tI+ B 2  - 2
S2 tan" 1  IR in IR (0-12) R

B~l + C1 •-

The correct sign on equation (0-12) must be found from geometric .I

considerations.

The coupler angle AI may now be determined either from

equation (G-8) or from equation (0-9). Thus,

11  b c ' 1 E 1co391 + apIc ou(O 1CO l + 8pI) -.... a c (01o + 8ai) ]
(G-13)

or

IssLn lain/31n(1' ap1) aeln(O1 + ]o,)
LI

(0-14)

G-8
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III. DETERMINAION QF ANGULAR VELCITY *1 OF PINIONI NO, 2

Difforentiation of equation (G-11) with respect to time

gives

B iRD C18#1 AIRD8 . ol B i 01RD (G-15)

where

AIRD a •Ioa(o 1  + gal 8pi,)

BIRD = ao1.in(e 1  + 1 " 1)

aG ll(ol + 801 " 1)

C IRD 0 1.. . .........
api

G-9
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IV- V.LOGITY AT THE CONTACT POINT

The relative velocity VSl/TiROf the contact point S1

on gear no. 1 with respect to point T, on pinion no. 2-

represents the vectorial differenoe between the absolute

velocities of these pointm. Thus,

V V V (0-16)SI/TIR SI/C VIC

where C represents the spin center of the fuze body. If

stands for the angular velocity of the fuze body, then appropriate

substitution into equation (0-16) gives (See also Figures 0-1 and 0-2)

x [ ', +~ (Z +~ x +~~

D ÷ ; x * (+ + x) + ;

(G-17)

Since

S+. . 1G +.. .1 x, ' •- , i l "P P.] ( ,- ,

0-10
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because the position vectors in brackets are equal, equation (0-17)

may be written

V $IITI "VsIi V T1/1
R 1 2

01 ( o + -C IX (iPI + (019)

Note that V becomes the vectorial difference of the•ote hat SI/TI•

contact point velocities with respect to the fuze body.

Since this relative velocity is tangent to the contacting

surfaces, it may be written as the vectorial difference of the

velocity components along these surfaces. Accordingly,

equation (G-19) becomes, with the help of the unit vector I

VS1/T PIT, x (1aQ10 + Pal4l 3NAI

(G-20)

Appropriate substitution of unit vectors given earlier in Section I

and simplification results in

Q-I11
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71/ " /T1, 1  °°;I[aocog,"1 101-A) A + olI

;I[apco(,, + 8, -a 1, - ,,-,.1)

b. ROUND ON1 FLAT PHASE Or MOTION

Figure G-3 shows a schematic view of mesh no. I in the

round on flat phase of the motion.

1. UNIT VECTORS

The unit vector in the direction 02 T1 is given by

NF1 " i)- + sin(1 ap'l)3 (G-22)

The unit vector HNFII in the direction CGIStO is always normal

to IIF1

"NFI r -- )in(, "Pl) + cos(01  " (G-23)

G-12
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II. DWHTA•ITI0NN OF OUTPUT. ANGZL #,-An- DISTANC_

The vector equation for the mechanism loop 0 1-C0 1 -8 1-Tl-0 2

has the form:

I +'lpF " SIT,, blip, 0 (G-24)

Substitution of equations (0-1), (0-5), (0-22) and (0-23)

leads to the following component equations

aGlOo(.1 + 0 1) - p0Glin(ol - *p!) - bIcocl - £lOOU(*l - -pl)

• 0 (0-27)

and

.lsin(#l *+ GI) + palcos(O1 - ,p) - b1siri - gIsin(*1 - ,pI)

- 0 (0-26)

From equation (0-26) one obtains for the quantity g,

aGisin(oI + a01 ) + POicos(8 1 -PI - blsinp,• ..... . ~sin(*1""F

(0-2?)

I)

0-14
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This expression is now substituted in equation (G-25). This

leads to the following:

A1F ino1 + B1 7 coo01  * 1 (G-28)

where

A17  - SG1OO5(O1 + go, + opl) - bloOm(p 1 + )pI)

BI - aolsin(#1 + go * +p1) + blein(f,1 +

1F " )

Equation (G-28) is solved for in the now customary manner:

•1 " 2 t•-I_ Al + ; AT F(29)<
2t IF.W IF I(F29

Blr + C1F

The appropriate sign in again found from geometric considerations.

I
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III. DERMIATION OF AMMAR, VIOCITY DURING ROUUD ON FLAT
PHASE OF MOTion

Implicit differentiation of equation (0-28) with respect

to time give.% for 0110

[A1*ein°.1 + B Co

A1700801 B- BianO I

where

A1FD U aGiain(.1 4. *I

B1FD aG•110C(01 + 6C1 + "P1,)

G-16
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IV. RELATIVE VyOCIV:

O U.AT-EHA.E OF MOTION

For the round on flat phase, the relative velocity VSI/T1

may be expressed by

VS1/T1 F . S1/O 1  - 'V11/0 (0-31)

Now, this velocity has the direction of the unit vector ± EF*

Since there is no velocity component along the pinion flank,

equation (0-31) becomes

VS1/T1~ S/0I F

* [#x (Ra0 B 1E lalmrlN ] an ?7 1F1

Appropriate substitution of unit vectors furnishes

VS1/T17  ;I "P [0,sn(, - - - ) PG "a F1

0f-33)iII
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V. DETERMINATION OF TRANSITION AMUS

The transition angle,,Oi sTand the corresponding angle,001T P

are reached when the round or round phase is followed by the

round on flat one. They are obtained by letting g, fP 1 in

the component equations (G-25) and (G-26". This gives

G1oo (0IT +GI) 'Glsn('iT - apI) - b1 00Op 1 - fPlcos(OIT - *p1)

0 0 (G-34)

and

a~lsn(OlT + '01) + IGOO3(O1T- PI)- blsino1 - fplsin('1T- OpI)

= 0 (G-35)

From the above,, one obtains

cOs(•IT + a,,) "--" Ipain(•IT " apl) + bo°s/n1 + f COC(O IT a a)

011I P uT P1

(G-36)

ain(OlT + 601) PO1Co(OT - avi) + blsin(?1 + fPlein(kIT a PI)

(G-37)

.-18
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The angle OIT 'a now obtained by letting

sin2 (IT + a) + c82(T ( G1) 1

This requite in

A ainTlT + B1TOa•IT T (G-38)

where

AlT PG1 OS(p 1 + *pi) + fp 1sLn(p, + ap1)

BIT P 0 1 Sifl(P1  ÷ apj) + fplcoo(#I ÷ api)IT Gi
a2  2

c1.T - 012b

Finally,

ý1T = 2tan" AlT +- A T ÷ T (0-39)
SIT + CiT

The appropriate sign must be found from geometric oonaiderations.

The assooiated angle OIT may be found with the help of either

equation (0-36) or equation (0-37):

0-19
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-I FPa1in(0 - *PI) + tP1CO5(4#11 - + boosp,,7

"" a01  (0.,4o) * 1OITi
aGI

or

GiIT-~ ~ ti'lPGlcos('IT " ... apj)+ fln(T"a0 1  " ap1) ÷blsinfl]"

"- 601 (0-41) '

VI. SENSING EQUAT1ON FOR THE DETERMINATION OF COOTACT ON SUBSEQUENT

TOOTH MESH

The following contact sensing equation is derived with the

assumption that subsequent contact is made in the round on round

phase of the motion, in the manner shown in Section VI of

Appendix E. Now, the configuration is that of Figure G-2. where

gear no. 1 rotates in a clockwise direction.

Before rontact is made, the distance between the centers

of curvature CGI and Cp1 is given byG1 PI
; G -20-I

.`4ý,•



C- "1 =- Lx11" + L (G-42)

If 1 and a represent the tooth spacing angles of gearv no. 1
and pinion no. 2, respectively, the associated loop equation

becomes (see Figures E-3 and 0-2).

+ o0 1 + a GO) + sin(f,. +A0 + *G051 + LiZi + L,,T

= bl(cOsIlI + + a ILc0s(0 1  + )I + ,in(Ol - A01 + SPI)

(G-.43)4
where

where = angle of pinion no. 2 as determined for the round on

flat mode with equation (0-29)

The magnitudes of Lxi and L., are determined from the component

form of equation (0-43), 1.e,

Lx, - bcousp, apicOS( ,1 - A.bl + p - aCOS(, + A#1 + 6)

(0-44)and

b, bsenp, + a., sfl(o , +' 6p, *,,,&sin(# + 40 + a

0-21)
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*1 Contact will have occurred as soon as

KL LG p (0-46)

xi y 'I O
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2. KINEMATICS OF XESH NO. 2 (GEAR NO. 2 AND PINION O.9 3)

a.ROUND ON ROUN4D PHASE OF MOTION

Figure G-4 gives a schematic representation of the round

on round phase of the motion. Only the contacting faces of the

gear and the pinion are shown. It is to be noted that the input

gear rotates in the counter-clockwise direction, and that the

output angle *1 of mesh no. 1 is identical to the input angle 0*

of mesh no. 2.

I. U•NIT VECTORS

The unit vector in the direction 02 0 of the gear is given by

n.2 006(02" 6G2 )i + sin(o. 6G2 )J (0-47)

The unit vector in the direction C02 Cp2 is given by

n,, coeA21 + s'n•,AY (0-48)

G-23
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The unit vector normal to nA2 in the right hand sense becomes

sin 2 il? + con,23 (G-49)

The pinion unit vector riP,2 in the direction 0 3 Cp, is represented by

n = COCO~ + 8i"(02 6P- (G-50)

Finally, the unit vector along the centerline OO. is given by

n,= coOP21 + sfl/n3 (G-51)

II.. f ... ERMINA_ ON OF OUTPRUT ANGLE AND "COUPLER" ANGLE

The loop equation of the equivalent four-bar linkage is

given by

aa0oa2 + L2a2 " " bA2 2 0 (-52)

I-I



where

L2 = PG2 + •P2 (G-53)

After substitution of the unit vector, as given earlier, one

obtains the following component equations

a OS(02 .G) + LaCOSA - ap 2 eos(@2 - - b 2 cosp2

(G-54)
and

a. 2 sin(o2 - 8G2) + L2 uinA2 . ap2 hin(0 2 . aP 2 ) b2 sinp, 0

(G-55)

To solve for the output angle 2in terms of the input anle

substitute the expressions for ±inA2 and CosA2, as obtained

from the component equations (0-54) and (G-55), into

sin2 42  + co2A' 1 (G-56)

This leads to

A2 R0in1 2  + n2R"02 = C2R (G-57)

G-26
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where

A 2R b2 sin(92 + 8P2) - a02 8in( 2 - 8G2 + Sp2)

B2R b2 cos(p2 + P2) a02 cs( 2 - 802 + IP2)

L2 b2 - a2  
-a2 + a.bcso -

L2R2  2 02 P2 SG2 ~os 2 82 P2
2aP 2

Equation (G-57) is then solved for 02 in the manner discussed

in Appendix E

02 a 2 tan-I A2R -21 A•R+B•R 2"• (G-58)
B2R ÷ 02R

The correct sign must again be determined from geometrio considerations

The angle A2 may now be determined either from equation (G-54)

or equation (G-55)

2 COB M lb 2 00s8 2 + 'p2 co°(0 2 - P2) - a020°8(02 802) 1

(0-59)
or

si(, sin-O
*sin' 1  P2hi~ P ~i(~-8 2)- 02 i( 2 - 02)]

L2 
L

(0-60)

0-27 N~~i,
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III. DETERMINATION OF oUTPUT ANGULAR VELOCITY 0-,

Implicit differentiation of equation (G-57) with respect

to time leads to

;2 A2RD oon, a - B2RD as 2i 2

where

A21RD a ao0o,0(02 .02 + 8p2)

BaRD aoasn(¢2 - + Sp2)

2RD ab 2"n(02 - aG2 -

C-2RD a ,
Pa2

o-a8 . .......... .-.. •• • • ~ j l••
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IV,* Rfl.TIVE VELOCITY AT THE COX-TACT POINT

The relative velocity Vsa/T2 of point 82 o , no 2

with respect to point T2 on pinion no. 3 has the direction of

the unit vector RNA2" Thus, in the manner of equation (G-20).

1ý SP./T,2 I x2c) (a02iE02  P132'EXP * 'N

Nr (a42EP2 -Pk "N.Q2  ~Nx2

(0-62)

Substitution of unit veotors yield,

VS2 /T 2R ; [023(oo0(2 -a a -2  ) + 02

- 2 [4P 2CoDCO2 8 P2 P N2

(0-63)

G--I
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b. EOUND ON FLAT PHASE OF MOTIONviwomeho.2nte

Figure G-5 shown a schematic view of mash no, 2 in the

round on flat phase of the motion. Again, only the contacting

sides of the gear teeth are indicated*

1I. UNIT VECTORS

The unit vector in the direction 0 T., alonT the flank of

pinion no. 3, is given by

a 008(02 + ap2)1 + sin(,2 ÷ !,,)7" (G-64)
nF2

II

SThe unit vector EF2 in the direction S2C.2, is normal to 172

in the right hand sense

SNF - .in(02 + Op2)1 + oo0(02 + P)065)ENF2

G-30
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II. DETERMINATION OF OUTPUT ANGLE j2 AND DISTANCE

The vector equation for the mechanism loop 02 -C. 2 -S 2 -T 2 -O3

has the form

a02n02  - GZnNF2 -n2Fn,- b 2 • 2  = 0 (G-66)

Appropriate substitutions for the unit vectors furnish the

following component equations.

aG2cos(2 - 82)+ p 2 sin(02 + aP2) - b2 cosp2 - g2 cos(0 2 +p2)

0 (G-67)

and

aG2sin(0 2 - 8G2) - PG2 cos(02 + aP2) - b2 sin32 - g2 sin(02 +

= 0 (G-68)

From equation (G-68) one obtains the following expression for g2

a02sin(:2 - OG2) - PG2cos(O 2 + p2 -b bsin 2

ein(O2 + aP2) (2-69)

0-3-2
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This expression is now substituted into equation (0-67), and

one obtains the following:

A2F siný,2  + BFcos 02  = C2F (G-70)

where

,,2oo,(O, 8GZ ap) b2Cos(/32  ap2)
A2 F --

B a a0 sin(O. 802 -ap2) b2ein(#2 - p2)

= PG

Equation (G-70) is solved in the customary marnner:

The~ ~ aprpit 2F 2~fF+B2F 2F (-

0-33



II

IIIL DETERMINATION OF ANGULAR VELOCITY Op DURING ROUND ON FLAT

PHASE OF MOTION

Implicit differentiation of equation (G-70) with respect

to time gives the following expression for 02:

' FA2 FDsinr 2  2FD I0
2 L ; A2FCOS*2 . BaFln2  (-)

where

A2FD = a0 2 sin(0 2 - 8G2 - p2)

2FD - a 2C(0 2  602 *P2)

IV RELATIVE .VELOCITY AT CONTACT POINT DURING ROUND

ON FLAT PHASE OF MOTION

Again, the relative velocity VS2/T2F consists only of that

COmJ)onnlt of Vsa/O2 which is directed along the pinion flank.

Thus,

0-34
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S2/ = F21 -EFl

= x ("QfiT0 2 " ,G•.N2'] •6F2 }F•,2
(0-73)

Appropriate substitution of unit vectors gives

VS2/T *r aO2*'ai(2 + aP2 "2 + o02) + !2"

(0-74)

V. DET 4XNATION OF TRANSITION ANGLES

The transition angle 02T and the angle 02TO which correspond

to the transition from the round on round to the round on flat

phase of motion, are obtained by letting ga * fp in the

component equations (G-67) and (G-68). From this one finds the

following with '2 T and • 2T:

co*(T- 602) -. l ,s:n(02T + ap2) + b2 cos/32 + fp2aOS(02T + Op,]

0,02

(G-75)

'0-:i• . , :



anid

-'(2 6G2) G2 Cos(# T + P2) +b~sinp, fP,28"r(0 2T + P2)]

The aingle 02 is now found by substituting the above expressions

into

2 2
sin 02T $0 +a Cos (03 2T d0 2 ) 3 1(G-77)

This results ini

A2TsifLn #T + BaT"00s2tT U 2

where

AZ u - 0 oos(p 2 - p2) tfps 2 n3 2  - apa)

B2T P~asin(f32 - p2) + I.,icos(p. a2

a 2 -b' d2 f

02T 6Q2  p a? 2 :2_
2 b

G-36



Finally, in the usual way

aT = 2 tan" 2T + 'A2T B2T C22 T
B2T + C2T

Again, the sign must be decided from geometric considerations.

The associated angle 02T may be found with the help of

either equation (0-75) or equation (0-76), i.*.,

'aT . 008 I1Pasin(OT + "P2) + b2 + fpacos('aT b 4P) p02 ....... . + 6G2

(G-80)

or

""Di P~ao(2 + b~sin/32 + fP sin(OT +P] +

L JaG2

(0-81)

G-37
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VI, SENSING EQUATION FOR THE DETERMINATION OF CONTACT ON

SUBSEQUENT TOOTH MESH

The contact sensing equation for inesh no. 2 is derived

similarly to that for mesh no. 1 before contact is made in the

round on round mode. The distance between the centers of

curvature C.2 and CP2 is given by

cG2 aP2 Lxzi + iYPJ (G-82)

if 110 and 0 represent the tooth spacing angles of gear no. 2

and pinion no. 3 respectively, the associated loop equation

becomes (see Figures E-3 and 0-4)

.I

- b2 ~oos . +A. si-p.,J] = o (0-8+)

:.ote that for mesh no. 2, the angu ar increment A42 is negative

while 0, is positive. Further, as before, the angle 0. must be

G-38
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determined for the round on flat phase of the motion.

The magnitudes of Lx 2 and Ly 2 are determined fromn the

components of equation (G-83), i.*,e

L = b 2 cos/)2, + apCOs(O2 + 2 8P2) " aG2 cos(•? " •'2 " 8G2)

while

LY2 b2 sinp2  a in(* 2 + 02 8P2.) ao2 ain( 02 402 " I2)
(0-85)

Contact will occur as soon as

2 p0•+ pP (2-86)

x :5P2+PP

G-39
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3. KINEWATICS OF MESR NO. 3 -(GEAR NO. 3 AND PINION NO. 4)

Since mesh no. 3 is kinematically equivalent to mesh no. 1,

the kinematic equations for mesh no. 3 may be obtained from those

for mesh no. 1. The angle must replace the angle ft and the

3#center distance b 3 is used instead of bI. All parameters of

gear no. I are replaced by those of gear no. 3 and the pinion

parameters of pinion no. 4 are substituted for those of pinion no. 2.

It is to be noted that the input angle #0 of mesh no. 3 is

identical to the output angle 02 of mesh no. 2.

a. ROUND ON ROUND PHASE OF MOTION

The ouput angle 03 is obtained with the help of equation (G-12)

=2 tan"1  A3R + CR (3-87)'03 B- - . . ..
B3 R + C3R

where

A3 R a 03s8"(0 3 + - 8p3) - b3 sin( #3 - p3)

(3-40



B = aG cos(O, + aa3- ap) - b3 oos(P3 - 81,3)

2•R 2 2 ap
- a~ + a~ + b - L- 2a 0 3b~cs +80-

and

L f P p3  
(G-88)

The angle A, may be found with the help of equation (G-13) or

equation (G-14)

b 3 0[803 + apjCOS(O, 3 + p,) - aG3 oeO(#, + 8G3)
L3

(G-89)

A sin .

(0-90)

The angular velocity #) is obtained from equation (G-15)

*EB3RDooa - RDair10, 03R~l (G-91)

3 3

0-41
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where

A3RD aG3.o.(3 + 03- aP3 )

B3RD = aG 3 U1n( 3 + 6G3- 'P3)

C3RD = aG~b sin(O3 + 8 - 3 )

ap3

The relative velocity becomesaccording to Equation (0-21),
S3/T3R

Vs3/! 3  " #3[G303o(03 + '03 - +'3) 3]

3 a3csO3+ 8 P 3 ) -P1 N

(O-9a)

where, according to equation (G-3),

n c°inA' (0-93)

01-42
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bROUND ON LAT, PH?,.SE OF MOTION

The output anglo ý3 is obtained from equation (.-29)

•3~~~ 2 2a" 3 -••
A1 AA+BFtanB•F3" 3;F

= .. . (G-94)
B3F +C3F

where

3F 0 3 c0e(0 3  + " b 3 oo3 ( 3 +P3

B3 aQ3 ii~ + 8 + + b~an~
B3F = G3si(3 +0a3 +P3) b38n(03 + -1p))

CF R P G3

The distance beconeseccording to equation (G-27),
g3  ?If'

aG 3sin(O, +G3) +G 3 CJ( 3 -+lp / -b. in

sin( 3 " "P3)

(G-95)

(3-43



The angular velocity for the round on flat phase of

the motion is found from equation (0-30)

U A3FDsiný'3 +B 3 coso5 (-6

3 F3 A coss B3 Fsint,

where

A3FD 'aG3in( 3  G3 + "P)

B3FD = aG3cos(0 3 + 8G3 + ap3)

The relative velocity VS3/T3 for the round on flat phase

comes from equation (G-33)

VS3/T3F = w3LaG3sin(0 3 " P3 3 G3) PG31 F3

(0-97)

where

gF3 = cos(" 3 " cP3 ) 3  P "p 3 )J C0981

according to equation (G-22).

G-44
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The transition angle 0 is obtained by way of equation (G-39)

2 2 - 2

#3 a 1  A,3T A A3T + BT 3T (0-39
B,3T + C,3T

whrAT P0 3 C0(3 + t~ sin(/3

B3T = G35±flC#3 + aP ) + fP3 cosP3 + *3

c3 aG3  '03 ~ 3 P3
2 b 3

The associated angle may be obtained from equation (0-40)

or from equation (G-41)

iP s ( nP3)+ f P3Cos8(* T - P3) + b 3C~
3T Lo aG3

(G-100)

or

sn-1 -P~o( T P + f P3sin(IOb3T - P,) + b 3isin

(G-101)

G-45
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Finally, the contact sensing oquation is based on equations

(0-44) - (G-46). Contact will occur, when

Y3 + Pp3 .5 P (G-+02)

where with the tooth spacing angles AO and a,

L b CO- osO 4 + a AO +

x3 b30of3 ap3 COS(3 3  A•3  8p3) a,3cos(0 3 + 3 G3

(G-103) .

and

L b ir +3 a 3sin(# a~ s~ ain(~ 3~LY3 -- #~i3 P3 apS 03 & 03 + BP3) 03 a0(3 + 403 + 8G3)..

(G-104)

0-46
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APPENDIX H

MOMENT INPUT-OUTPUT RELATIONSHZPS FOR TWO AND THREE STEP-UP
GEAR TRAINS WITH TEETH OPERATING IN A SPIN ENVIRONMENT

The following gives the derivations for the moment input-

output relationships of two and three step-up gear trains which

operate in a spin environment.

Figure G-1 of Appendix 0 shows the basic configuration of

a three step-up gear train. The input moment Min, which acts

on gear no. 1, is held in equilibrium by the moment, Mo, which

acts on pinion no. 4.

Since in all three meshes there may either be round on round

or round on flat type of contact, the force and moment analyses

must account for various contact combinations. Table H-1

shows the eight different phase combinations which may occur in

a three step-up gear train, and for which input-output relationships

must be found, The two step-up gear train, which is shown in

Figure A-1O of Appendix A for involute gearing, does not contain

pinion 4 and gear no. 3. Here, the input moment MWin which acts

on gear no. 1, is held in equilibrium by moment Me3 , which acts

on pinion no. 3.

H-1
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Case no. M4esh No. 3 Mesh No. 2 Mesh No. I
(Gear 3 & (Gear 2 & (Gear I &

Pinion 4) Pinion 3) Pinion 2)

IR R R

2 R F

R H F F

4 H F H

5 F F F

6 F F F

7 F R H

'8 F R F

TABLE H-1

POSSIBLE COMBINATIONS OF PHASES FOR THREE STEP-UP GEAR TRAIN AS
SHOWN IN FIGURE 0-1
R Round on Round
F a Round on Flat

When ogival teeth are involved, there are four possible

phase combinations of the two remaining meshes. These are shown

in Table H-2. Again input-output relationships must be obtained

for each of them.

H-2
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Case No. Mesh No. 2 Mesh Ao. I

(Gear 2 & (Gear 1 &
Pinion 3) Pinion 2)

I RR

2 R F

3 F

4 F

TABLE H-2

POSSIBLE COMBINATIONS OF PHASES FOR TWO STEP-UP GEAR TRAIN AS
SHOWN IN FIGURE A-10
R = Round on Round •

F = Round on Flat

The unit vectors, mechanism angles and kinematic terms

necessary for the following analyses were derived in Appendix G.

(See also Appendix D for a description of the geometry of ogival

teeth.) Certain terms used in connection with mesh no. 3 may

be obtained from expressions derived for mesh no. 1 in Appendix G

by the replacement of the appropriate subscript numbers, since

the kinematics of these meshes are identical. The following

additional nomenclature is used:

H-3
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S= distance from spin axis C to pivot points 0i of individual
gears. (I = 1, 2P 3, 4 an applicalbe)

j = angle of linee . COi with respect to the body-fixed X-axis

M = spin velocity of fuze body

mi mass of various gears, pinions and gear-pinion combinations

Qi M:le , centrifugal force acting on individual gear
components. (Now called qi to differentiato it from the
pinion contact point Ti.)

pivot radius

Ppi = radius of curvature of pinion tooth (ogival)

P = radius of curvature of gear tooth (ogival)

= coefficient of friction at pivots as well as at contact
point between gears and pinions

The pivot friction moments are obtained according to

equation (A-3b) of Appendix A. They always oppose motion regardless

of the assumption of direction of the pivot reactions Fxi and F
yi'

To this end tho pivot forces F and i' which represent the sumsXi
of the absoluto values of their component parts, are added

H-4
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algebraically. The algebraic addition of such modified reactions

provides a conservative, i.e. a somewhat overstated friction

moment.

The directions of Lhe friction forces of the gears on the

pinions are always those of the relative velocities VSW/TI' where

points Si and Ti are located at the contact points of the gears

and pinionsrespectively. This allows the introduction of a

signum convention. For the round on round phases,

vS"L/T:i R

IV~j~.i±R

For the round on flat phase, the convention becomes

VSiTi/

5 3 - (H-2)
IiF lV -jjmI

The expressions for the above relative velocities, which are

different for round on round and for round on flat, are given

in Appendix 0.

H-'5
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I

1 INPUT-.OUTPUT AXALYSIS OF THREE STEP-UP GEM TRAIN

.CAS NO. -1: RM

r. FORCE AND MOMNT EQUILIBRIA OF PINION NO.4

Figure H-1 shows a schematic free body diagram of pinion no. 4

in the round on round mode of oontaot. The equivalent four-bar

linkage assop.,ted with mesh no, 3 i1 also indicated* The pinion

is acted upon 'Vj the equilibrant moment Mo4 in the direction

opposite to its counterolockwise rotation. The contact foroe

of gear no. 3 on the pinion Is given by

S F!, ((H-3)

The associated friction force exerted by the gear on the pinion

has the direction of the relative velocity V$3/T3 I as given by

equation (0-92). With the use of the signum convention of equation (H-1)

the friction force f44 beocomes

H-6
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The centrifugal force, due to the pinion mass, is given by

Q(coavY i + siny J) (H.-5)

where
2
Q• - 4m~w(H-6)

Force equilibrium is given by

F ~ 34 FA3 + ~3R IV31ýNA3 + F X4
1 + AY4~ FA + AFX3+ U4 0

(H-7)

Moment equilibrium requires the following:

-Mo4 - 4 + OR + (ap , - pipInA,) X (F34 W, + u3R F 34 HNA 3 )

0 (0-8)

Equation (H-7) furnishes the following component equations:

F34O8sA3 - AI 3 RF3 4 silnA3 + FX4 + AF A+ q 408 0 (H-9)

and

F3 4 8inA3+ + +3 4 FO43  A + Qeinv4  a 0 (H-I)

H-8

[4

i;'I l l ll l l-] -- . ...



The scalar form of the moment equation becomes

-M M, 4 (Fxk+ " - - . + 'p,- ),]

o4 y~474+A F34 P3[S19 # 3 P33 3R 0L~~O~3 + P3 AA

+MRipp (H-il)

Simultaneous solution of equations (H-9) and (H-10) for Fx4 and

given

P34 (ai3R I )hinA3 " (I + - q4I,(Ma±ny, + oosy4 )

x4 + e

ii:~( H- 12,)

and

F 3410 + A -3 * ) inA .+ l - 1)COou 3  4(.± nv 4)

?,+
(H-i13)

The sumF) of equation (H-l1) is now made up of equations

! (H-12) and (H-13) in the sense of equation (A-3b) of Appendix A

~2A, A ~A (H-14)

I,.

n-9
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mi lY 4  + Co 4  (A1

A,2 =.(!3R- 1)silnA 3  - ( A + 3R,)cos\3 (
I + 2-IRc~A (H-16)

A, ajMO I (H- 17)

A (I + 42",R)O:LA, * /"3R - 1)coA 3  (H
1+

A4 " =I+ Ad (1- 18)

Equation (H-14) is now substituted into the moment equation (H-11)

and the latter is solved for the contact force F

F M 04 + RQ01
34 C C2

where

- AP (AI + A3 )

c2 4 ,.,•E'3•€°s(O •3+ as s.n- a) - ein( 33 *P3" '

"- "'{:.R *'+ P (A2 + A4)]

H- 10
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II. FORCE AND MOMENT EQUILIBRIA OF GEAR AND PINION SET NO. 3

Figure H-2 gives a schematic free body diagram of the gear and pin-

ion combination no. 3. Mesh no. 2 is also indicated to obtain the

directions of the forces of gear no. 2 on pinion no. 3. The

forces of pinion no. 4 on gear no. 3 are opposite to tbose

given by equations (H-3) and (H-4) respectively. Thus, the

contact force becomes

F43 F - 3 F34R 3  (H -20)

The friction force of pinion no. 4 on gear no. 3 becomes:

f43 f34 " "3RF 4 NA3 (H-21)

The contact force of gear no. 2 on pinion no. 3 is given by

2323U F 2 (H-22)

while the associated friction force of gear no. 2 on pinion no. 3

becomes

H-11
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F ~~2F2,l (H-23)

The pivot reactions F X3and FY as well as the associated friction

forces are drawn in a separate diagram in Figure H-2. As was

the case earlier, the friction moment due to the friction forces

again opposes rotation.

The centrifugal force, due to the mass of the combined

gear and pinion no. 3, in given by

a (os~ + ainv~ (H-24)q3 q3(c3 Y3

where

4 (H1-25)

The force equilibrium of the combination is given by

-F PS F F + PF i

34 X3 !UF3R 3NA3 F23YIX2 +s A*RF23 NA2 x Y3

+ F j ALijF 0 (H1-26)

H-13
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The moment equation is given by

3X3 Y3 [aG35G3 ~ G3 A3] X [-F34 RX3 -A3F3N3

+ 1aP 2  - Pp2 flA 21 x [F236 2 + MB2RF23 I 02] (H27)

Equation (H-26) gives the following component expressions:

F3  3  3 343sinX 3 ÷ ,co:3 XFx3 YF3 + F23001A2

P sRF3nA 0 (H-28)

and

F34 3 "3R 34 B3 + Q3+ 3 y3 " Fx3 + F23 sink2

"I + s2 RF2 3cosA2 a 0 (H-29) J

The scalar form of the moment equation (H-27) becomes

3 y3 ) -3 M 3 1RPG3 3 4 - At5PP.2 2 3 + aG3 3 4[a *(3 + 8G3 - 3)

- •sRCo8( 4• 803 + - 4 ap2F 3  i-sn(O. - p A2)

+ )A 2 RcoS( 4
2 -O- A2 )O 0 (11-30)

H- 14
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Simultaneous solution of equations (H-28) and (H-29) for the
pivot reactions Fx3 and FY3 gives

FX3 I 341" - 3j8C)0oA 3 - +(1 ) 33R)inA31] +

F31AM(1 + S2R),in2- (I - a2 )ooSA] ÷

Q3[' in'an3  co Y0 3 1

and

FY3 77 F34L(1 A23R) sinA3 + ( 30004A.3J +
+I

F23[(MAa2R - 1)8inA2 - A(1 + 82R)CoBA2]

+ AcoavJ 
(H-32)

The sum Fx3 + F.V3 of equation (H-30) is now made up of equations
(H-31) and (H-32) in the sense of equation (A-3b)'

A 
A +8 

+ F A

Fx3 + FY3  F34A5 + F2 3 A6 + Q3 A7 + F3 4 A8 + F 3 A9 + 0

(H1-33)

H-15

•AL
. ... 

"[Ill lllI ':l •l•



where
A5 I (1- "a •2 )coeA' "'(1 s.1R)uin•' 1+ 2  (-4

I ( I a CS A• A( I * a •i n
A = 3R) 3 3 -JR) (H-34)

1+ .2

AA(' + aR)sinxz + (1 - (2-R?)
AI = Z I + 2, (H-35)

qAituted (nH-36)7 J +1)A 2.

a- F3R + 3(4 +

A8  
(H--37)

A = 82R + a(H-38)
91 +

A10  2. OOY (H1-39)
H 1+M

Equation (H-33) is now substituted into equation (H-30) and the

resulting expression i. Dolved for the contact force F2 . Thus,

-F C -Q 3 4 (
F2 3  - (H-40)______

11-16
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where

c-3 PP3(A5 + A8) - . 3R "(3 + a 03 Esin( o 3 + aG3 A 3)

"- 300.o- 8(•3 + &G3 - A•.•

c4 = 3(A7 + AlO)

A3 AP3 (A6 + A9 ) - A82RPP2 +P2I2Roo(#2 . ap2 . A)

- 8n( " ap2 A2 )]

AO

H-17
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III, FORCE AN4D MOPIMIT EQUILIBRIA 9Z GEAR AND PINION SET NO,. 2

Figure H-3 gives the free body diagram of the gearl and pinion

combination no. 2. In addition, mesh no. 1 is indicated to obtain

the directions of the forces of gear no. I on pinion no. 2.

The forces of pinion no. 3 on gear no. 2 have directions

opposite to those giLven by equation (H.-22) and (H-23) respectiLvely*

Thue, the normal force in given by

S32 - 2(3k-)

The friction force of pinion no. 3 on gear no. 2 becomes

F )AS T,(H-42)1f32 -2RF23 NA2

The contact force of gear no. 1 on pinion no. 2 is given by

P12 0 12"Al(H-43)

while the associated friction force of gear no. 1 on pinion no. 2

becomes

H-18
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FIGURE 11-3

FREE BODY DIAGRAM OF GEAR & PINION NO.2

MESH NO. 2: ROUND ON ROUND
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F All F(I-44)•fiz " R 12 Nl~ ~AI\ X•÷

The pivot reactionst of the fuse body on the pivot shaft, together

with the pivot friction forces, are shown in a separate diagram

in Figure H-3. The centrifugal force, due to the mass of Sear

and pinion assembly no. 2, is given by

4 " Q2(00 .72 1 + sinyv2 ) (H-45)

where

Q2 " ,m~wZ(Hm-46)

Force equilibrium in assured by

"23 A2 - "12R,.•3,A2 + F12.H, + ,.1RI2SNA, + 4 .

+FI -21 FY21 + Fy,.] + AF 2, ax 0 (H-47)

H-2
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.1 l'Oment Oqu±1±briUM muist satisfy

Ap + [+ 2 Q ~~] a~aiNa

ap+p i-~ jj x ix,+ us

Equation (H-47) siveo the follov1ag aompoinext *xpreaaions

+ ' OY + F - 6FV 0 (11-49)

and

428nz u MaQR"Pa3ooaA + F121±fAlA +4 AIR?12OOSAI

+ 2iy + Fy + UFV 0 (11-50)

U-21



The scalar form of the moment equation (H-48) become&

-A2F2 Fy)+ a02F 23[ain( 2  a 02 fi 60 -0

"- 921p0 V2 3 "'I1 21a-sin(# 1 +p I A n) 001101, + -a 1 )

S- •1RPP1F12 a 0 (H-31)

Simultaneous solution of equations (K-49) and (H-30) for Fx2

and F leads to

"~'

*x " + A F2 3 [(1 + A82 00•)09A2  A(2s " I)'inx2 ]

+ F•(5 S- 1).AI- (01 +Aa ,

P. ~~+ c [ans - Ms±Z1 2J (y

and

* '- Fa1 *II.imnZ-M( aRosa

+ 12 E (1. 2,2R)ooi x 1  (1 4 A2 sR)CinA1]

+ q2 [00oouv2  B'.±n 2] (H-53)

H-22
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The sum of Y. and Y2 of equation (H-f!) is now made up of

equations (H-52) and (H-ý3) in the sense of equation (A-3b) of

Appendix A

+F. + FY2 u 2.AII + F 12 A12  ÷ 2A,3 + F2 3A 14  + F12A1 5

+ Q+ A 1 6  (R-54)

where

+(1 " ")CO°A2 - ( 1)hsinA1

A11  " I'(1'1'd''l"(1÷ Z '"'°81J (-G

-)OoeY2 ( 04. i o13 1 + 4

A1  " .. .. .- €f (H-3?)

(O au R)a C A (I + A in.l. ).o.
A1  " 1  + (1 (H-59)

H-23
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A + (R-60)

"Equation (H-54) is now substituted into the moment equation (1-5))

The resulting expression is then solved for the contact force FI,

- F23C6  4 Q,27?i 1 1 2 , .. . .. . .( H - 6 1 )

08

where

'D &12 [8'nI(0 2  0 2 ) "052R0"052 '0 ',A2)J

- jp2(A11 4 A14 ) - "WG2Rp

70 * P2(At + A16 )

a8 k{ap[sin"(i + p I) " M.1RcooS(l + a " P OJ

% + ,AP2 '(Ap2 + A15 ) + Ialifl)pl}

ia
11-21

J .24 IS



IV. FORGE AND MOMNT EQUILIBRIA OF INPUT GEAR NO. 1

Figure H-4 represents the free body diagram of the input

gear no. 1 which has the input moment Min asting on it.

The forces of pinion no. 2 on gear no. 1 are given, according 4

to equations (H-43) and (H-44),

m'F1" -F2A (Hi-62)

and

An- (H-63)

The moment* due to the friction forces on the pivot oppose :i

rotation as indicated.

The centrifugal force, due to the mass of gear no. 1, is

given by

* • Qsi (H-64)

where

*•q = 1(H-65)

.1 .-2.

• '--I'
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Force equilibrium requires, that

F2RAl ; M1 RF1 2ENAl + xJ AF Y MF + P71j

A Fx 0 (N-66)

Moment equilibrium is givon by,

A -IYX Mink + [a0 i 1  . GA] X

Equation (Hi-66) furnishes the following component equations:

-F COSA1  + ~lFla l *i A, Q + R1 FXi 4 Fyj 0 (H-.68)

K and

-F~ix R1cgI+ Fy, pFxl = 0 (I-.69)VThe aosla~r form of equation (H-67) becomes4

14 + yj) "i + aai"1a[sin(0i + G) A
An COSOg( + A - ISPlFl U (Hl-70)

H-27



The simultaneous solution of equations (H-68) and (H-69)

furnishes

1 2 "IR)° +41•'l= -,+,,slR~cos• -, ,,(l ÷ ,on Qij

(H-?)
and r a 1 + [ . sR),sinA0 + a ÷ h1R)COSA1 - MQ1

2l iR 1 19 1r

(H-72)

Then, with the same reasoning as before,

1x1 + I = F12A17 + qIA1 8 + F12 A19 4 QIA2 0  (H-73)

where

A(1- A2sIR)oos,1 - M(I + al])uinSI 9a
17 1+

A1 8  2 . (H-75)

H-28



:19 (1- •lR ~ :Lnx1 + s,(1,÷ Sl)~X *

A 19  = - ...... (1 1-7 6 )

1+ A2I

LA2 2 (H-77)
1 + )A

Equation (H-73) is now substituted into equation (H-7O) and the

result is solved for the oontaot fores F12

whor 2 " Min ;•c9" - -78)
:,mi 

m- °,C,

where '

C 0  A hPl(A18 + A20) [

H-29
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V. MOMENT IN.PUT-OUTPUT RELATIONSHIP

Equations (H-61) and (H-78), which are both expressions in

F12 , are now set equal to each other and the result is solved for

FI
8 +) - (H-79)

The above in now equated to equation (H-40) and the result is solved

for F 4 34

\''Il

10 7 1 " 5ClICQ2 - C406O1J (H-80)

cc 6c 10

Finally equation (H-80) is equated to equation (H-19). This

permits the determination of the equilibrant moment Mo4 1

(for case no. 1: RRR)

C 8C C 0C80 C• C CZ I

M8 ___ 2455""418 i Q2 - Q401
CC,0 6 CI0  03C6 0C3

(H-81) '-

H-30L ...... I



be CAfiE NO, 2: arR

Since only mesh I is now assumed to be in the round on flat

phase of motion, the forces F34 and F23 remain as given by

equations (H-19) and (H-kO), respectively,

I. FORCE AND MOMENT EQUILIBRIA OF GEAR AND PINION SET NO. 2

Figure H-5 shows the free body diagram of the gear and pinion

set with the necessary portions of mesh no, 1.

The forces of pinion no. 3 on gear no. 2 are given by

equations (H-41) and (H-42), i.e.,

a (H-82)

and

~f ~ - ~2F3I) (H1-83)

11-31

~ =

S,••l• •''



I&I/•Fx2 P2 
•

G y2

•O 2 fA 2•N A2Rotatiton

F32

F12 F• I

G2 100n, 1o

loFl

(32X Gear Pinio no. 2

F 
[URE 

2l-3
FRE-E IlOD)Y I)IA(IRAM (IF (WF.AR & PINION NO. 2•
ME S1H NO, 2: IHOUND aw ROUND,•.

M IES i NO. 1: IHOu.ND ON FLIAT 
;

c~ 0

!i-Q

~ ~~~ic ll I I... " . .. .I I " 5



I'

The contact force of gear no. I on pinion no. 2 in now given by

r 12F " - 2FNl (H-84)

(Note that the additional subscript F is introduced to distinguish

round on flat from round on round contact*)

The associated friction force is given by

rFl F 'r1rr (H-85)

(See equation (H-2) for a,,.)

The pivot roactions, together with the pivot friction forces,

are shown in a separate diagram in Figure H-5. As before,

the pivot friction moments oppose rotation.

The centrifugal force q2 in again given by equations (I-45)

and (H-46).

Force equilibrium is given by

MF23BA2 - *2R233NA2 + 121SErl *elel,~201 42

+ FX21- •'y2' + F 23  + A•rx3, 0 (H-86)

H-33
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Moment equilibrium about polnt 02 requiree

kA272 Y) + KGZ1G2 + PWS2 [ -F2,0A2 - A0202OfNA2J

+ z1 x , • 0 (1-8?)

Note that sino the line of action of the fricotion torce Ff2la

passes through point 020 this friotion force exerts no moment

about point 0.

Squation (H-86) furnishes the following couponent equatione:

-F A.o , +, .. + -R2YI234n(1m - .pl ÷m 11+.Fo 12 0o (•,i1  - ep )

+ Fr,2 - Ouya+ Q2.oov 2  m 0 (H-88)

and

"-I23 flIA2  " A12 1
1F22 31OA2  * F1 2 F°O@(ol " ap1 ) + POIz120hI(0i " eP)

* yFX2 4 Q2.1nY 2  0 0 (1-89)

H-34
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The scalar' torm of the moment equation (11-8?) becomes

P2. + 7 ) + sa-F23re'n(#2 - Q2 A?) 42o(a- -

"U'21*2 + PU (M1-90)

Simultanleous solution ot these. component equations tfor ~ i

leads to

+ 2~

+ C1f$-01CY 2 +. '%o~iV2 (11-91)



The sum (Yx2 + •YY) of equation (H-90) Is now made up of equations

(H-91) and (H-92) in the sense of equation (A-3b) of Appendix A

YX2+ 7Y F23A2 1 +F 12 1PA2 2 4.q 2 A23 +. F23A2 4 F1 +2 42A26
i

(R-93)

where

A .,1 " •, 1 + (1 + A2SR

A21  A 1  ( (H-94)

0 - 2811dsin .. OtpjJ - -I + (p-9
A22  U 1 *

Jsmiy? + easny2  (-6
23  - (H-96)

A24  U1+ 5)O52(-97)I + ;A, 1  (
-8 0( 01 + 27~mL~2-O + (I21 - 000801 ooamOa i

25 1 -+ Az - (1-98)

H3-36
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- o:Ly2 + Ucosvp
A26  - il 2 *~OIp(H-99)

Equation (H-93) is now substituted into equation (H-90)o and the

resultinE expreusion is solved for the contact force F12,

"2 o2 a11 + Q201212aF = . . .. -0f~
c13 ,

where

1a1 a021"(02" 02" ') '"20)•° °'0( 2  12" ]

- , 2 (A2 1 + A24) - A•&Rp P02

"2 01 a AP2(A2 ,3 + A2 6 )

013 i1 s •p 2 (A2 2 + A2,)

H-37
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Ie. FORCE &ED MOMENT ] OUI HBRIA OF INPUT GEA NO. 1

Figure H-6 represents the free body diagram of input gear

riO. 1,

The forces of pinion no. 2 on this gear are given ,according

to equations (H-84) (H-81,

t2W , . Frq (.-I)(H-101)

and

The moment* due to the pivot friction forces oppose the indicated

rotation due to the moment M.

in'L

The centrifugal force has been defined by equations (H-64)

and (H-65).

The force equilibrium equation is given by

-F12F"1NF1 ÷AGIF'i2 ýFl 1 + 'xl7 + F-PFyl" 1 + " AFxl3

- 0 (H-103)

H-,38
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The moment equilibrium equation becomes

-Mn + A 1x + [aQ1101 PGIfNllFI x I-12n iL51 pF12F'p 1]

- 0 (H•-IOJ)

EquatiLon (R-lO3) furnishes the follow•n~ component *zp~ress40on

1FsiaFnif a?,) ,,FF92Fcoo(01 o +- oq + z-+lO)

and

-7•.F So(1- OPI)- 1eFF12Fin(*1- ,pI) + FYI - FX

- 0 (HL-tO6)

k The scalar form of the moment equation (H-104) becomes

4. n + AP ( X1 1) + I&517P61jFI2 p + aG1F12F[Oos8(0I '01 1 O Pi)

+ +1F±dn1 + -"1 + apI)j " 0

(H-10?)

Simultaneous solution of equations (H-105) and (H-106) for F.l

and F.1 furnishes

!!I + -"
F12FI-(i .+ A'IF)SWOIii api) + I 1)cos(#I Opi)] -,

(H-108)

H1-40

y2



and I
,I

F FIaE[1 + /l,)OO8(*l "pi) + M(S1F" 1)an(,l " a)] -

1 + ii .,

(1-109)

Now lot

1x yl + r12A27 ÷ Q1 A2 8 + F127 A2 9 + Q1 A3 0  (H-110) Ii

where1 + - (H-111)

Ua 1 + •' (a-1 ))i

ijý i

A27 z (H- ll
+I

A28  1 I

m(+1 + 2

A 2. ,, (H-113)

A,

H1-41



j Equation (H-110) is now substituted into the moment equation (H-107).

This furnishe.

M,1

cI• ,I
where 1

c 14 pp •p(A28 + A 3)

15 "It(A, 27 + A29 ) + PS1FP01

+ £Gt[MlSef'(#t + a(,, 0 1 + ap1) " €OO(Oi + 8 0 1 l apt)

H-42



III. NotUI IzEUT!.QUTPV? RILATIONS&IP

Equations (H-1O0) and (1-115), which are both expressions

in F 21,p are now set equal to each other and the result is solved

for

em•13aZ - J. (!1 4• - 1 14  (16

011015, Mn q"4 P oil

The above expression is now equated to equation (1-40) and solved

for

0C 5 ~5 012 0 4
341 (Min Y-,14) q2 q

0,011

Finally, this expression is met equal to equation (H-19) and the

result is solved for the oquilibrant moment M42 (for coae 2: RRF)

__ __ 2_ _ _ _ _ __!IL . 02,05 12

042 Min0 oo01±04 0301101, oil R 03

H-43
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a. -CASE NO. 3: RI'?

With both meshes no. I and no. 2 in the round on flat phase

of motion, only force F 4 of the round on round phase can be

incorporated for the present cases The equilibrium equations

for gear and pinion set no. 3, gear and pinion met no, 2 and the

input gear no. 1 must be newly derived.

I. FORCE AND MOENT EQAUILIBR'A OF 2MAR AND PINION SET NO. I

Figure H-7 shows the free body diagram of Sear and pinion

set no. 3, together with the necessary outline of mesh no. 2.

The forces of pinion no. 4 on gear no# 3 are given by

equations (H-20) and (Hi-21)

, -F H (1H-119)
Y43 34 A3

and

U.s - (s3RF}kl.4A, 1H-120)

H.-44,(,,. .

tj
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The normal contact force of gear no. 2 on pinion no. 3 is given by

-,3 F,2371ANr2 (H-21))I,

The associated friction force is given by

7f237 21277 (-12

The pivot friction forces are chosen so that the resulting

friction moments oppose the indicated rotation, The centrifugal

Sforce •is that of equations (H-24) and (H-25).

Force equilibrium is given by

'300 "43 F 3I'4 RNA3 - 230rNY2 + lg272307"72 Q

+ FAF~i + F~ 3 3J - x3 0 (H-123)

Moment equilibrium about point 0 ise given by

3 ~X3 + 7v) + [aQ30 3ft +0"A 1 [mF34EO - MSF4fNA3]

+ S2r X Z••3 x o (H-124)

H-46
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Note that the friction force F Mir exerts no moment about point 0 34

Equation (H-123) furnishes the following component equations:

-F o34 COA3 + 103R F 34si 3  + q o 4+ Fx3 + 4FY3 + F23Fa+n(#2 + P2)

÷ e2 9.2 31co&(# 2 + *p2) 0 (H-12•)

and

-r.n4Bi 3 -W•,rP34'ooA3 + •Q •n 3J + VY IF F23OFo(sn OR)

0 (H-.126)

The scalar form of the moment equMabon (H-124i) becomes

)AP3PX +Y3 +a.r3 [in # 8+03 A3-sRO&# + &Q3  A3)

- ,AnRO3R'03 34 -2,23, 0 (M-127?)

H-47



Simultaneous solution of equations (a-12$) and (9-126) for 
. I

and Y3 leado to

FX3 - .. J34L' - @ 3,.)oouA, -)SI.A 3

I *ON 331 -
(--1)8)÷ r2rC'"! U)eo.(,,, 4 .•) - (1 Ae,J'a)s.a.(,..•).J

17 i • (71.(1 , - oo.,j" 1 *,--

1 *GIU 33I~ A(' +j nA3R)OsA,] 4
"7* •3a,41 " IA272)°osa + " ,-) A + * s,)dhn(#,+,p.)]

K - QC�s~nv, e s°°.1 " (13*9)

The sun •13 + lYr of equation (2-.l?) is now made up of

equations (R-128) and (R-129) In the menUS of equation (A-3b)

FI y, 3 ? 34A31 + F-23A3 * QA33 734A34 *P33 SA

(H-130)

340)



where

0( - e2l)ookA -,(1 P + a inA

( S , 3mR)mCO, p1+8R~ox

A,1 "3..... (H-131)

+ 2Io(? + ,,2) 0IA33 1 . (H-133)

-+9

A & Sinx 3  - @ 3• A + a O'" . (H.-134)

34 1 +

A34  2.1~*R*1 ~ 41 R~ (H-135)

1i + AIO3

A 36  4.MOV -(H-136)

Equation (H-130) Is now substituted into equation (H1-127) and

the result is solved for F23F

11-49



23P(H- 137)018 r•

where

C16  3 PA 1 4.A34 ) + a 3[siA(#3 + a03 3)

S- A ROOU(• 4. *0J - ',k)] - •"3R'(3

c17 • , 3 + A36)

c 18 - • (A 32 A,3) - 82

H-3O



JI. FORCE AND MOMENT EQUILIBRIA OF GEAR AND PINION SET NO. 2

Figure H-8 shows the tree body diagram of the gear and pinion

not no, 2.

The forces of pinion no. 3 on gear no. 2 are equal and

opposite to those given by equations (H-121) and (H-122), i.e,.

P1,F " 72j, (H-138)
P233A&N2

and

7f327 " 2 FF2•F'F2  (H-139)

The forces of Sear no. I on pinion no. 2 are those of equations

(H-84) and (H-85).

The pivot friction in accounted for in the usual manner

and the centrifugal force ý, is given by equation (H-45).

Force equilibrium is given by

23P5NF2 "U 2 311"57 2 * FiPaP"IP * MI1 F12 7 n1AP + 42+ ±-

+ 7y2J * PFx2 J 0 (H-14o)

H-51
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Moment equi~librium about point 02requires

+ [a0 ~ 02  02~N2 ~FzFFa

+ 41~1 Fl J~ 7 X -a F 0 (11-141)

Equation (H-140) gives the component equations

v*F3F8n(0 + P2) Ps2P9 23FOOB(02 + caP2) + Q2 008v2 + II2- 1F

F 1r1 ajn(O* O s..) + QsIFF12Fe'8(01 RP m 0 (H-142)

and

"?3**(2+ 'vP) #s2I9y3Fs'n(02 + *P2 QuinV2 + Fy 4AX

+ F 12 FOOO(o 1  U P,) + JAS I 12FPh(* I P) w 0 (H-143)
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J
The scalar form of the moment equation (H-141) becomes

"P,2 F G+ 223FLIC 2 802 ',2 -aP2)

""•cF +•'2)÷aG2 0•['°(2 " a.," p 2 •,)

+ ,82Fsin(- 2  82'2 p)] - ,2FPG23F S I1F12F 0

(H-144-)

Simultaneous solution of the Component equations (H-142) and (H-14r3)

for Fx2 and F leads to i

1 ) • = F):'
M2a" ÷ 2• a''FI "n(*z L )÷•(2z' 1)C°"(*2 u P2)'1:i

F + + A2

+ FlAF2l - A208"i)n(0 1 - p21) - AL(i 1+)0o8(#2 1 -+ aP1)]

- [.inv 2 + (c-4) ,

&and

y2 Z F2 3F[0(U2F - 2z - (P A A +

-. FI2F Ff(1 + saF)Sin(o 1 - P) + ( A - a IF)COS(OI - OPl)

4.~ ~oa2  inv] (H-1 46)

I. .... 5 .....



The sum 4x2 + Y2 of equation (H-144) is now made up of equations

(H-145) and (H-.146) in the sense of equation (A-3b)

FX2 + FY2 F23FA37 + F 12 FA3 8 + q2 A39 + Fa23. 4O + F1,2A 4 1 + Q2 A42

(H-147)

where

2F2
A,7  = ( (H-148)

1 + .

A,8 (1 - O )in(1 -, a1) - (1 + a r)oos(•l,- p) (119

L45inY2 + COSY2 .1,15 -A o 3 9 . .. . ( H - 1 5 0 ) ,;

+1 ÷

•(•z- "1in•+ - (I ,2aa~o(2 D)..

A4 0  2. -a)... .. 0 _+ + 2

+
PO+1I + 02 (X-tpl)pl

I4 ~( 4 alF)ein(•'1 - ',l +( - •2l• s(1- (111)2
A A41 = I + A?. (H-152)

A 42 2  z a (H-153)

11-55
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Equation (H-147) in now subetituted into equation (H-144) and the result

is solved for Fla.

12F " 2 31P'19 .. 0-14)

where

* -~ 2(A3  4.A40).4.*~2[~s(2 - G2~*2 -a'2

+ + A 02 -- •-- + I I I I

CaoN P2 (A3  + A +) ]
21 0 ,P( 3 8 + 41 ) 9

H-56



III. FORCE AND MOMENT EQUILIBRIA OF INPUT OF•a NO, I
While the numerical values of the force F2 17 and its

associated friction force Ff 12F7 both acting on gear no. 1

are peculiar to the present combination of contact phases, its

functional relationship to the input moment Min and the centrifugal

force Q, is identical to that derived in section lb-II of this

appendix. (See also Figure H-6.)

According to equation (H-113), one obtains r For ,

~1F Min (N-lI4

I

12F1

.......... .....i..'..". ... ....................... ..................



IV. MOMENT INPUT-OUTPUT RELATIONSHIP

Equations (H-154) and (H-15), both in F12 .1 are Oet equal

to each other and the result in solved for

1',F•3F (M.n Y1) + (0H-16)
015 19 019

The above is now equated to equation (H-137) and the result

is solved for

018c21  (M qCl? 1 Q3 13
F3 4  C 01 ~ 6 1  (Mn Q11 ( 1 C0  - .--1516'19 16019  C16

Finally, equation (H-157) is equated to equation (H-19), which

corresponds to the round on round phase of mesh no. 3. The

result is solved for the equilibrant moment Mo0 3 (for case 3: RFF)

0C 02 01 2C0018 C 8 0018 le21 " q °21' 18z " . 18- "
CCC0C 0 -C

o = 15 16C19 0 150 16C1 9  016019 016

- ql(H-158)

H-58

:I7



d. CASE NO. 4: RFR

Fol' this contact combination force F34 may be taken from

the results of case no. 1 [see equation (H-19))9 since mesh no, 3

is in the round on round phase of motion. The fore* F2F of

case no. 3P i.e.equation (H-137)0 also is incorporated.

The input-output relationship of the gear and pinion combination

no. 2 must be newly derived, i.e., the force F,2 must be expressed

in terms of the contact force F and the centrifugal force Q2.

Finally, the results of the equilibrium equations for the input

sear no. I of case no. 1 are used, For this case of oontact,

the force F is given by equation (H-78).

1. FORC0 AND MAMNT EQUILIBMIA OGE AND PINION S.E NO, 2

Figure H-9 shows the free body diagram of gear and pinion

set no. 2 with the necessary portions of mesh no. 1.

The forces of pinion not 3 on gear no. 2 were given by

equations (H-138) and (H-139)

- ................. '-.. .'T . .... ,,.. ... , i
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and

Ff32F U - PEF~FUFnR (H- 160)

The foroes of Sear no. I on pinion no, 2 are given by equations

(H-43) and (H-44)

S(H.-161l)

and

f12 8IRF 12 1NA1 (I-162)

S The oentrifuigal force is •iven by equation (9-.45). The pivot

reactions and friction forces are haudled as before.

For@e equilibrium is given by

2F3NP2 - 042F7 23F5F2 + FFZ1,5A + 1RFI•2'Nx• •.a + Fx21 -"y21

+Fr ?3 %IP21~ 0 (N-1 63)

H-61
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moment eqlibrium about point 02 in given by

- p2(YX2 Y' 2) Is G P,% 3x [F23,5,.2 'A2$-Pý2

+ alp - p1liAi Z E"1iZIl 4OleuýNII 0 (H- 64)

Equation (H-163) gives the following omuponent equations

mI?23Pmn(02 * 4 2 - sA*2VF2,Fcoe(02 +*P2) Fz2 OAF72 + 12co. 1

psl- ARFJ2.inA I +' q~ooev2  m 0 (H-1 65)

and

F231FOO6(*2 +' -P2 AntFF23rin(O-a +p2 +.? F P2 * + F 12*nx1

JA ?lF cooax ~iv (H- 166)
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The scalar form of the moment equation (H-164) becomes

- P2 (k,2 + y2) "23FF[Ico(2 -G2 2 P2)

2Fn2 G2 2 P2)a " 2F'G2F23F - A&IR'PIF12

+ % 7  .rcos(, * a& . ) . s8n(#" + 8PI -+)l O 0

(11-16?)

Simultaneous solution of the force component equations (H-165)

and (H-166) for F., and F results in
YZ

'x2 + 2 3.,IP + As 2F)s±,(0,2 + "P -2 (1 - s2.)O(*2 4+ 'p2)]

- ~i~ 0z,,z• + CoOG']~~~~~~~R - )s11 ( ~~o~

A nin (H-168)

and e

F'bin~ + ap) + A a 4.

+ vP, E-o + A2&I )SinAl + 00( - a IR)COBAll

4 -siny, + A0o87 2  (H-169)

R-63 w
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The eum F + of equation(M-167) in now made up of equations

(H-168) and (H-169) in the usual manner

23F43FU44 p45 '237A46 124 248

(1.170)

where

-2 a 1 1A4, (1 + a"?2 7 )'in(U'? +. app) M (1 " "pp)C°'(#p + app) (H-171)

AI *-g Osinx1 - (1+ 4. RCni
A4 4  a . 1 +. " "

I •,•2 + CO"LA!
A '45 +(H-173)A +. . a ?a-+iE

A,46 . - 1)s~n(,• 4. ap) - (1 ÷ s2ae)l°o(v' 2  appx) (.4-17+)

*14 U Sn 4 l~cul(H-174)

L i(....{)mL•I ,1 l)Cmk

Ak'? . ...... .1k )COSAx- ?5

A . Il I +R I,--- - - (H.-175)

47,.+

sinV2 %Qo'y

48 
(H-176
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Equation (H-170) is now substituted into the moment equation (H-167)

and the result is solved for F12

"F F 231 2 * Q2023 (H-177)ca
2a4

where

02C2  "p 2(A 4  + A 46 ) + &ao02 0(0 a " *2 " 1pa)

+ As 2F &ln(# - 8G2- 02 "'- ] - 1"2FPG2

c 2 , = MPp(A 4 , + A4 8 )K'i
024 " g.(44 + A4 7 ) + ap[ui/ROO3 (* 8pi -I

- sin(1 + a I AS •alR•P1

I P1 " IP

H-65
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11, MOMEN 11PUT-OUTPUT RSLATIONSHIP

Equations (H-177) and (H-78) are now net equal to each other

* and the result is solved for

(Min., Q1 + 
.CI0C22 22

The above is now equated to equation (H-13?) to obtain F,4
- F34

!I"...

18014 (M8i 1 0 Q -18 23.

(M C ____ (H-17?9)

Finally equation& (H-I179) and (H-19) are net equal to each other

and the equilibrant moment Me0 4 4 (For case 4: RFR) is determined

08n4 - Q 2c9018 24  2 2 C1802 3Q3.C1?

C 10 C 16 02 2  0100C10C2 2  C16 "2 .2  016

- , (H-180)

H-66
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e. CASE NO, 5: FFF

For this contact combination it is necessary to determine

new expressions for the force F34F of gear no. 3 on pinion no. 4,

and for force F of gear no. 2 on pinion no. 3.

Equation (11-156), derived for case 3, and which relates

force F2 3 F to the input moment Min, may be used for the determination

of the final input-output relationship.

1. FORCE AND MOMET. EQUILIBRIA 0[ PINION NO, A

Figure H-1O gives the free body diagram of pinion no. 4 in

the round on flat phave of motion with gear no. 3.

The equilibrant moment M acts in a clockwise direction
014

and opposes the counter-clockwise rotation of the pinion.

The normal contact force 34F is given by

3,4F F 34F K NF3 (H-181)

H-67
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The associated friction force becomes

Ff34F -" S3FF 3 4FfF3 (H-182)

The centrifugal force is given by equation (H-5) and the

pivot frictior forces are chosen such that they oppose rotation.

Force equilibrium is given by

~F ÷" F -. yj + Fj AF ~j
F34FE, N 43 iA5,FJ+FlF3 + FXj4i -AF~ 4  AS~4  + ~F 4

÷ %4 (cos040 * ainv 4f) = 0 (H-183)

Moment equilibrium about point 04 requires that

o4k - 'A'4 xL + k x F3 30N3 o

Note that the friction force Ff34F does not exert a moment about

point 04' since its line of action passes through it.

Equation (H-183) furnishes the following component equations

-F 34F sin(O- ap3) + P3FF3 4 Fco(03 - P3) F x4- Fy4

+ q~co.'S 4  0 (H-185)

H-69
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and

F o(O aj + us-

34F 3 31F31PO'n() aP3) + A+ x

* Qksinv4 = 0 (H-186)

The scalar form of the moment equation (H-184) becomes

-04 OF4 +* jY4 ) + g3F347  0 (H-187)

Simultaneous solution of equations (H-185) and (H-186) for Fx4

and Fy results in

x+ 343F 3 P3) + -31 F3 PA

" ÷ •[ e- 5o,%)±l(* ¢ p, -5!)O5• *,) :
Li I

Q4 4L nC y4 4031118

and

34FI ÷ ÷ 37)n-n(*3 -3) - -3F3a )]

S(--189)

1-70
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The sum + F or equation (H-187) •s now made up of equationsFX4 "A

(H-188) and (H-189) in the sense of equation (0-3b)

F + F * F+ (H-190)
14 yA 34FA49 + Y50 +F, 4 1PA. 1 +q4"52

where

(I /,o•Fo:L(••- a3)- A(1 4 a53F)OO5(•• - @,3)

A4 9  (( + (H-191)

A•OAin --c,•,,• osyJ
A z I (H-192)

A51 • . .. I + AZ++

A, 3?Bn 0- *P - 1 '3F)*O(03 ' P3) (H-193)
51 1 + .2.

A5  a -4 (H-194)

Equation (H-190) is now substituted into equation (H-187) and the

result is solved for F

*, • 0  +°• ÷%c 2  (H-195)

026
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where

c p(A. + A
025 4 a50 5J

026 3 -l " •(Ak9 A5 1 )

~1

' I 2 I

H/
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II. FORCE AND MOMENT EQUILIB1ZA OF GEAR AMD PINION SET NO. ,

Figure H-11 gives the free body diagram of gear and pimion

combination no. 3. Both mesh 3 and mesh 2 are in their round

on flat phase of contact.

The forces of pinion 4 on gear 3 are equal to, but opposite

in direction to, those given by equations (H-181) and (H-182)

F43F = - FFNF3 (H-196)

and

- (H-19'?)
f43F - 3FF34F4F3

The forces of gear 2 on pinion 3 are given by

F 23F F23FnNF2 (H-198)

and

Ff23F " 2F1'3F•F2 (H-199)

H1-73
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The pivot forces and moments are chosen in the usual manner and

the centrifugal force 43 in defined by equation (H-24).

Force equilibrium is given by

-FI

~.34FiNF3 - 8L3?F, 4 XFfl, F2313li"2 A *2 iF231FF 2 +3 + F3

+ jF 3  yJ- IF~ (H-200O)

Moment equilibrium about point 0 requires that

LPF3 +3 FI3)2 + [%3ýG3 + PG3ANF3l X 17F341fM3, ,LeFF',41AF,

+ g2BFa x (-)F 2 3nFa •0 (H-201)

Note that the friction force Ff 2 F does not exert a moment about

point 03

Equation (H-2OO) furnishes, after all necessary substitutions,

the following component equations:

I3 F,4rein(#, - 'p3) - M53F34FyOS(O 3 - a:3) + Q3 oosY3 + F x3 + PFY3

4+ FaFsin(02 + ap•) + OASFFoo5(,a + apZ) . 0 (H-202)
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-34,F 3 P3- 3Fn3)? -++Fx3

" *'6'2°0~ + Upz) ÷ i'(+a ) a 0 (H-203)!i

The soalar form of the moment equation (H-201) become@

XP,(3 * 03 a 0 3F, 4 1 o°(0 3 + a (" 3 + *p )

As in# + a As .pF F 03F+ In U(3 G 3 ÷P a0 341 '•2i' N 2 3

(H-a04)

Simultaneous solution of the component equations (H-202) and (H-203)

for F and

H-?6
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FY + P3'[(3F sftO+ O'

++ + ...) (+ 0 + aP)

4q 3 [-samy 3 -A0047,J (H-206)

Th ~+ n s ow made up from equaations (H-203) anid (H-206)The um X3 Y3 '

-IX Y3 34F53 + "3A4 Y55~ + F34PA56 +7 3 A 7 4

(H-207)

where

-(1, 4. i 3 )sizn( V3 Eo + PA(S31p 1)aos(OV' a3

A F 1 P- 2 (H-208)

(~ 2 - )oi( V2 4 - i(1 12 )@O( V2 4(H-209)A54  +1 2.

A5 (H-210

B-7



56U=3 ÷ p3) * i ÷ 3 7,oo( 3
5A6 •I 4 z 3 .. ."Dh)(Xa 1

AI-I +'7F~a 2" ps) A(i - ' ,F)aO'(w1 'p) (H-212)
S1 + * M.

A" . 3 (H-213)

Equation (H-207) in now substituted into equation (H-204).

The result is solved for 7237

" 134FO27 Q3028 (X-21•)

F23F (H24

where

02? A ,,.(A ,3 + A56 ) + a.•3 [-oos(, 3 -( ,3 , +P.

S+ P4F'A}"L(#3 + a 03 " 03 + *PA)• + •'*3F'(o

Scpe pp #,(A, + A,58)
4. L•,pif(*,• + 80a •?) k~)

9 Ap3 (A54 +A 7)2

I , .4, -•

H-78
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III. MOMENT INPUT-OUTPUT RBELATIONSHIP

Equation (H-156) is an expression for F23a a function

of the moment Min and the centrifugal forces ., and Q2, when

both meshes no. 1 and no. 2 are in the round on flat phase of

motion. This expression for F23n is now equated to equation (H-214).

The result in solved for F

(M~~-~~4 a0C90 (H-215)
F34.r " acz' '(in " 1C|O14 2 2c'" ••8 .2•

1,0 19C27  C 19C,? 727

The above is now equated to equation (R-195) and the resultiAg

expression Is used to determine the equilibrant moment Me4,

(for Came 51 FF1)

o 021026029 -q C140•' ~C26"29 "a C2 0C2 6C2 9

01o 1927 01•01902? C19C 27

- 026028 (H-216)
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t. CASE NO° 6: FFR

MOMENT INPUT-OUTPUT RELATIONSHIP

The moment input-output relationship for this oontact

combination can be aasembled entirely from previoudly derived

component relationships. As for case no. 4, mesh no. 1 is in the

round on round phase while mesh no, 2 is in the round on flat

phase. Therefore, equation (H-178), which relates the force FM

to the input moment MinW may be used, The input-output relationship

of the gear and pinion set no. , i.e. the relationphip between

the forces F34F and F, is given by equation (H-214) of case no. 5.

The force F34F may be obtained from equation (H-195). This

expression wam also derived foe, a round on flat contact in case no. 5.

Thus, equation (H-178) is first set equal to equation (H-214)

and the result is solved for the force F34F

C2 4C2 9  ( Q1C9 ) Q22 3 29 28

"3,4F 7 CiOo-C i,9 C0 23 7

H-80
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The above expression is now set equal to equation (H-195).

This then allows the dotermination of the equilibrant moment

M for the present contact oombination.
046

024C26029 . C9024C26C29 0 2 C3C261.29M04o6 • .9& 0oca? C1~aa ill,2

3C 26C28  -q (H-218)
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•. CASE NO, 7: ERR

For the present contact combination the expression for

force F3 4F may be taken over from equation (H-195) of case no. 5.

The input-output relationship of gear and pinion net no. 3, which

relates the forces F34F and Fe,, must be newly derived. The

relationship between force F2 , and the input moment Mn is

taken from case no. 1 in the form of equation (H-79).

I. FORCE AND MOMENT EQUILIBRIA OF GEAR AND.PINION SET NO. ,

Figure H-12 gives the free body diagram of gear and pinion

set no. 3. Mesh no. 3 is in the round on flat phase of contact,

while mesh no. 2 is in the round on round one.

The forces of pinion no. 4 on gear no. 3 are equal to, but

opposite in direction to those given by equations (H-181) and

(H-182)

F4 3F = - F34F'jjF 3  (H-219)

H-82
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and

7f37 - AL 5 FF (H-220)

The forces of gear no. 2 on pinion no. 3 are given by

and311A? (H-221)

and

Ff23 A P.2RF23nNA2 (N-222)

The pivot reactions are chosen in the same manner as before.

The centrifugal force was defined by equation (R-24)°

Force equilibrium of the gear set requires

"- F 3 "1A 3 AFFs34kFhIF3 F23ý 2 A'2RF23,NA2 ÷ 3 ÷ 3l

+ AAFY 3i + FY3 J AF Mx 33 0 (H-223)
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Moment equilibrium about point 03 in given by

M3(, X3 Y +G + [aG3iW3  x I-3171F PR3FI3

4 Ep[ap 2 - Ppa2ia' x ['Fa3ý 2 + •,s2F2RFNJ- (H-224)

Equation (H-223) gives the following component expressions

F3 4F in(C 3 " aP3) 3 LSeFF"4FCs(03 " CP3) + q3COO53 + Fx3 ÷Fy3

+ Faos62 - ,&s2RFAS sinx2 0(1

and

34FOS(3- 3 - s,3FF3 4 Fs3n( 3 - sipn) + Q,6±FY 3 + A- IFx3

+ F23sinA2 + Ae2sF2COo •A * 0 (H-226)

H-83
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The scalar form of the moment equation (H-224) beoosos,

3(%3 9'3 G33+[''# + 0 9 3 - 3 + P3)

+ on Adin(#

r3Tw 3a v 03 03 P3)] "43r"3F'G34r

S"Pr23-L 2 ap" -%) e + °cos(0( - Ipa - A2)]

- s2R'p.23 , , 0 (H--227)

Simultaneous solution of the Component equations (H-225) and (H-226) 
r

for rx3 and F., results In:

7x3t * • {F,•I'-(| * +•mFmn+ - opl + +a(elf - l)oam(¢) - up,)]"

r3+3 F34F[(' + 8 0 *m+A'1000(#3 ')00P2 3)

+ Q3 r;,s:.nvj - oo0EV.1  (u-za8)

H-86

~ ' +



and

2 F B a -2 )ainA2 - 0,(1 + 82R) CoeSAZ

+ l~, y - U0sv,8 (H-.229)

Th3 sum in equation (H-227) is now made up from

equations (H-228) and (H-229) in the sense of equation (A-3b)

FX3+ F3 F Aý9+ F23A60 + '43A61 + F3J4PA62 " 23 6  64

(H-230)

where

-(1 2•

A59 +... (H-231)

U(1 a )Bin + (A4s - 1)ooeA(23A60 2R A2 Z. (H-23)
1 +

A6 1  + F+ ,Z (---)
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-3. 1'sin# 3 *P) ( + coo(*)
A62 *' F3 -' (R-234)

(2 82R- 1)eSnA2 - A(1 + ,2)oo00 2 )
A63 +

sin $ (H-236)A64+=i 
,

Equation (H-230) is now substituted into the moment equation (H-227)

and the resulting expression Is solved for ?23

" F3W"O30 "Q'3031 (H-3?
'FP'

1 " '2,dY 3O d H".?

where

c30 a., = (A59  A 62) - Ia os,(#3 + o03 ' - + *P,3)

- 3,]FPain(* + 8(13 *3 A 3P'03

0.1 - •pA(A6 1 + A64)
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F32 - ( ÷6) -6 a3) & n(P2 ap2 - 'a) - aRcos( - aOR -')]

?- •XR' P2

1,, MOMNT INPU-OMPUT REZLATIOQSHIP A

Equation (H-79)0 which gives the force in terms of Mis,

Q, and Q for the appropriate contact combinations, is now set

equal to equation (H-237). Subsequently, one finds the

following formulation for F,4 F:

r34t cs~lC•° 0.•o41o '
A,,

32 (M_____ - - 32 C3 1  (H-238)
"341P in1O~ ( Qm 1 9) 2 .3

The above expression is now set equal to equation (R-195) which

gives F in terms of Me0 and The determination of the

equilibrant moment Mo0  (for case 7: FRR) is now possible*

Thus#

11-89
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,,. 0
8 C2 6

0,a 32 8 C9C2 6C,2  - CC26C52
oMn c6c oC o c60 3 o2 06c 30

C60100,0  c"6c100"

S.... (H-239)
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h. CASE NO. 8: FRF

MOMENT INPUT-OUTPUT RELATIONSHIP

The input-output relationship for this contact combination

can also be assembled entirely from existing expressions. With

mesh no. 2 in the round on round phase of contact and mesh no. 1

in the round on flat one, the relationship between force F

and the moment Mn is that of case no. 2. Equation (H-116) is

applicable. The input-output relationship of gear and pinion

set no. 3, which relates F34F to , was derived for case no. 7

and is given by equation (H-237). Finally, with mesh no. 3 in

the round on flat phase, one uses equation (H-195) for the

relationship between force F34F and moment M0 4 .

Thus, equation (H-116) is first set equal to equation (H-237)

to obtain an expression for force F,4F

F•44F

- M ~ ~ ~ -Q... (B-240)
4011015030 11C03 0  030
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The above expression is now set equal to equation (H-195). This

allows the determination of M048 (for case 8: FRF)

c c CI cCc603c
0488K M0~8  = M 13 C2 6 C3 2  " CI ,C14 CŽ6C 3 a - CCC• 3

M°8= Min 01 030 CliC115C30  ClIP30

I 026031 - (H.-241)
C30
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2. INPUT-OUTPUT ANALYSIS OF TWO STEP-UP GEAR TRAIN

The following gives derivations for the moment input-output

relationships associated with the four possible contact

combinations of a two step-up gear train. (See Table H-2).

a. CASE NO. 1: RR

For this contact combination, the relationship between the

equilibrant moment Mo3 and force F2 3 , both acting on pinion no. 3,

must first be newly obtained. The relationships between forces

F2, and F12 of gear and pinion set no. 2, as well as between force

F1 2 and input moment Min of gear no. 1, may be taken from case no. 1

of the three step-up gear train analysis. Equations (H-61) and

(H-78), respectively, are applicable.

I. FORCE AND MOMEXT EQUILIBRIA OF PINION NO..

Figure H-13 shows a schematic free body diagram of pinion

no. 3 in the round on round phase of contact. The equilibrant

H-93
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moment M acts in the direction opposite to the clockwise
o3

rotation of the pinion. The normal contact force of gear no. 2

on pinion no. 3 is given by

F23  - F2 3 nx•. (H-242)

The associated friction force becomes

El2  '4A8R"afrx (H-243)

The pivot reactions are chosen in the usual manner.

The centrifugal force is now due to the mass m3 p of

the pinion alone, i. e.,

S 3 p(cO8V3 • + siny3j) (H-244)

where

3P - 3p3 (H-245)
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Force equilibrium of the pinion is assured by

F231A2 + A2R23 k + Fx3 + FYL1 + FY33 Fx3l + 3P

(H-246)

Moment equilibrium about point 03 is given by

3 Fy3 ) Y3 N03  + [aP2iP -a PPaZlxAJ X [F2ý2+ "sPaRF,2;n~x2

0 (H--247)!i !I
Equation (H-246) given the following component expressions

F23A, 2 'A - ,L2RF23 if3\2 +F Y3 + qpOO"'3  U 0 (H-248)

and

F ainA2 + AS2 RF2 3 ooA ÷ - F + Q5sinv, - 0 (H-249)

H1-96
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The scalar form of the moment equation (H-247) becomes

pp3X3 + F ÷M -+o'2RP2F23 + aP223[-L'n(s 2 - 8p2 -A

+ (2 " P2 "= 0 (H-250)

Simultaneous solution of equations (H-248) and (H-249) for the

forces F and F gives

+~ + QA~,]

' " ' % €,+.2 .i a 2 € *eR -, o.21

and

12
F 1 -w-1Sink )~o

y3~' Y323- R
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I

The sum F ÷ of equation (H-250) is now made up fromx3 +y.3

equations (H-251) and (H-252) in the sense of equation (A-3b)

Fx• + FyY3 F23A6 5 + Q3PA66 + F2 3 A6 7 + Q RA 6 8  (H-253)

where

A(' + s 208'in•2 ÷(.2R - 1P)oosA (2-CBA2.A6 ( • H-.254)

61 +

AsinL y- oo08A66  = I a(H-2~5)

(p a R- 1)einAz - ,(1 + a )aoosAA6

('U2 2 -Osinx? - AO +a2)Q4A

ni6y = Peon (H-2•57)
681 + )A

Equation (H-253) is now substituted into the moment equation (H-250)

and the result is solved for F

-M -"" 03 " Q3 PC3 3  (H-258)F2 3 . .
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where

C33 = p(66 +A68)

34 • P3 (A6 , + A6 7 ) - •" 2RPP2

+ a2E °o('Z " aP2  A) " p " A 2 )]
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II. MOMENT iNPUT-OUTPUT RELATIONSHIP

In the derivation for case 1 of the three step-up gear train

it was shown that if one sets equations (H-61) and (H-78) equal

to each other, one obtains the following relationship E±.o.,

equation (H-79)] between force F,2 and the input moment min,

"Cen"QI9 +a (H-,•9)

'23 ( Mmin Q1C9  6

The above expression is now set equal to equation (H-258), and

the result is solved for the equilibrant moment M03 1(for case 1I RR)

080340 8C0 0 003Mo3 Mn 08~" •0034 Q 34 72 C34 (H-2.60)
031t in Q6l 6 "%3PC33

06010 06010C 6O0
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be CASE NO. 2; RF
'I4

MOMENT INPUT-OUTPUT RELATIONSHIP

The moment equation for the present case, in which mesh

no. I is in the round on flat pha&e and mesh no. 2 in the round

on round one, may be derived entirely from existing relationships.

Equation (H-116) gives an expression for the force F in terms

of the input moment Mi and the centrifugal forces q, and 0.,

for the present combination of contacts in both meshes. When this

expression, from case no. 2 of the three step-up gear train, is

set equal to equation (H-259) of case no. 1 of the two step-up

gear train, one obtains for M0 3e (came no. 2: RF)

•!•%"- ac'0"" 01 c2.0. - ,
H032  . 3'1 ' 3Mo•,,,,MiC11015 011015 C11

(H-261)
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C. c NOE , 3O ; 3 FF

For this contact combination, where both meshes no. I and

no.2 are in the round on flat phase, the relationship between

the equilibrant moment He3 and the normal contact force F23F,

both acting on pinion no. 3, must first be determined. The
resulting expresslon in F can then be met equal to the

relationship between F2,F and the input moment Min, which is

given by equation (H-156), and which was derived in conjunction

with case no. 3 of the three step-up gear train.

I. FORCE AND MOMENT EQUILIBRIA OF PINION NO, 3

Figure H-14 shows the free body diagram of pinion no. 3 in

the round on flat phase of contact. Again, the equilibrant

moment M acts in a counter-clockwise direction. The normal

force F2 3 F of gear no. 2 on pinion no. 3 is given by

V-3F F - F2•3NF,2 (H-262)
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FIGURE |1-14

FREE BODY DIAGRAM OF PINION NO. 3

MESH NO. 2: ROUND ON FLAT
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The associated friction force of gear no. 2 on pinion no. 3

becomes

F U3F 0 "82FFa3FBFa (H-263)

The pivot reactions and pivot friction forces are chosen in the

usual manner. The centrifugal force Q3. was I1yen previously

by equation (H-244). iI

The force equilibrium expression becomes

4t

T XF~F2 MA8FF231Ffl2 + 7X31  PY 3l y* - Fxj + q3P

0 0 (H-264)

Moment equilibrium about point 03 is assured by

+ F y)-k + M03  + 6,'F x UF3:N- 0 (H-263)

As always before, the friction force Ff23F exerts no moment

about point 03.

H-104
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Equation (H-264) given the following component expressions

F-23Fs C2 + " 2Fr23F'*'(02 + aP2) + Fx3 + , + P 3 poC3O6 3

0 O (H-266)

and

-( ÷F ÷ ) *F - 'ni+ a + QspainV3

.0 (H-267)

The scalar form of the moment equation (H-265) in given by

AP 3(F,3 + F'Y.) + M03  - 0 0 (H-268)

Simultaneous solution of equations (H-266) and (H-267) for F

and F load to

TX3 + TT "2 e2,l(Aa02 - I )uOW( 2 + P.2) )(1~ + 8ar)COO(iia + tlPA)

+ Q•[pf•ain - cosy3 (H-269)

............



FY3 *2. F2FE-w#( I + a2F )Bin(0Ia + aP2) A ( 2 02 a)008(02 + P2)1

+ q - peony,]1 (H-270)

The sum U X35 + Y of equation (11-268) in now made up of equations

(H-269) and (H-270) in the nene* of equation (A-3b)

+ Y F FA69 + 0-3pA7O FA pA (H-271)
X3 %Y37 23 + 237A71 + q3pA72

where

a Imiu(*- +* -)AO+a

A69  
2 

(H-272)

+ i

=21D - cosy (H-.?3)
A 7e0  +

A71~jA( + 820h4"(02 + p.( - 823 ý)008(' 2 + E& (H1-274)
1 +

'k- 3iv Z.O 3V (H1-275)
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Equation (H-271) is now substituted into the moment equation (H-268),

and the result is solved for F

F2 3 F 3 " 3 PC 5  H-276)
C36

where

035 1A+3(A + A72 )

03 6  A 1p3 (A69 + A7 1 ) -2

II, MOMENT INPUT-OUTPUT RELATIOINSIP

The moment input-output relationship for the present case is

obtained, as stated earlier, by setting equation (H-276) equal to

equation (H-156) and solving the resulting expression for the

equilibrant moment Mo04 (case no. 3: FF)

M033 Min- qFI!1'3 q2C 20036  -Q3PC 35  (H4-277)
l 09C15C19 C19
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d. CASE NO,. 4: FR

MOMENT INPUT-OUTPUT RELATIONSHIP

The moment input-output relationship for this case, where

mesh no. I is in round on round contact while mesh no. 2 is in

the round on flat phase, may also be derived entirely by assembling

existing relationships.

Equation (H-276), of the previous section, gives force F2,F

in terms of the equilibrant moment M when mesh no. 2 is in the
03

round on flat phase. Equation (H-178), derived for case no. 4

(RFR) of the three step-up gear train, relotes this force F23F

to the input moment Min'

Thus, one first uets equations (H-176) and (H-276) equal to

each other and then solves the result for M (case 4: FR)
o34

Mo3 4  Min 9 24 36 Q,2 Q
C10 C2 2  C10 c 2 2  22

(H-278)
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APPENDIX I

COMPUTER MODELS FOR THREE AND TWO STEP-UP GEAR TRAINS

WITH CLOCK TEETH OPERATING IN A SPIN ENVIRONMENT

The following appendix contains descriptions, listings and

sample outputs of the computer models relating to step-up gear

trains containing clock (ogival) gear teetho

I. Program CLOCK )o Point and cycle efficiennies for three

pass clock (ogival) step-up gear train

in spin environment.

2. Progrum CLOCK 4 1 Point and cycle efficiencies for two

pass clock (ogival) step-up gear train

in spin environment.

The relevant background, the input parameters, the manner

of the computations and the form of the output of each program

are discussed in detail. The program proper forms the last part

of each section.

....
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1. Program CLOCK 31 Point and Cycle Efficiencies for Three

Pass Clock (O0ival) Step-Up Gear Train

in SRin Environment

The kinematics of program CLOCK 3 is based on the work

in Appendix 0, while the moment input-output relationships are

derived in section I of Appendix H. The nomenclature of the

program is chosen to coincide as much as possible

with the above appendices, It Is to be noted that.even though

the fuze related geometry produces different expressions for

the various meshes, the kinematic computations of the individual

meshes are very similar to those shown in CLOCK I in Appendix F

for the single mesh in the standard position. It is also assumed

that all three meshes will have been tested by program CLOCK I

for their geometric suitability, i.e. whether there is enough

room for tip radii.

a. I•DUt Parameters (see Program CLOCK 3, below)

The following parameters represent the input data for the

program (for explanations and nomenclature, see sections 1 and 2

of Appendix F, as well as section 3 of Appendix C)i

MU, coefficient of friction, as before

RPM, spin velocity

CAPRPI, CAPRP2, CAPRP3, RP2, RP3, R4I, pitch radii of gears and

pinions with nomenclature

of Fig. G-I
RHOGI,RHOG2,RHOG3,RHOPI,RHOP2,RHOP3, radii of curvature of circu-

lar arc portion of gear and
pinion teeth

1-2 4
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ACGI, ACG2, ACG3* aCGI, distance from the center of rotation

of the gear of the Ith mesh to the

center of curvature of the circular

arc portion of the gear tooth. (Unless

otherwise noted, this and all following

numbering schemes refer to those associ-

ated with the mesh mechanics as given

in the text of Appendices 0 and Ho)

ACP1, ACP2, ACP3 = aCpi, distance from the center of rotation

of the pinion of the ith mesh to the

center of curvature of the circular

arc portion of the pinion tooth

RIO R2, R3, H4 (nomenclature of Fig. 0-1)

TGI, TG2, TG3, TPI, TP2, TP3, maximum thickness of gear and

pinion teeth (mesh nomenclature)

NGI, N02, N03, NP2, NP3, NP4, numbers of tooth in various gears

and pinions (nomenclature of Fig.

RHOI, RH02, RH03, RM04, gear and/or pinion pivot radii (nomen-

clature of Fig. G-1)

MI, M2, M3, M4, masses of gear and/or pinion combinations

MD, see program INVOL 3

Since many parts of the computer program were written before

the nomenclature for these distanoes was changed in the report

from ^CGI and aCp: to so, and ap,. there is a certain discrepancy

between the program and the report.
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:1
"K, range divisor

•HDOT1 -1, all velocity computations are based on this value.

The input motion In the fuze gearing model in

negative (see Fig. (G-1)).

b. Computations (see also COMMENT cards In Rrogram)

I. Computation of Gear Tooth Parameterg

The tooth parameters of the gears and pinions

of all three meshes are first computed. These computations

are essentially the same an those shown in program CLOCK 1

for a single mesh. Certain parameters are omitted because

they have been checked separately by using CLOCK I and are

not required for the kinematics of CLOCK 3.

In addition, the pivot to pivot distances U1, B2 and B3

are obtained,

II. Computation of MIN, GAMMAS and BETAS

To begin with, the program computes the input moment

MIN N M md-2w (Iz-1)

Subsequently, the angles Y2 1 Y3, Y4 and P1. 020 03 are

established according to the expressions of section 6b of

Appendix A.

III. Computation of Other Parameters

The angles av. and No between the oenterlines of adjacent

gear and pinion teeth, respectively, are determined in this

ge1-4
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section of the computations, In addition, the lengths L1
are found (see eqs. (G-7), (G-53) and (0-88)). Finally, the

centrifugal forces Q1, Q2 , Q3 and Q4 are computed according

to eqs. (H-65), (H-46), (H-25) and (H-6), respectively.

IV. Preliminary Comuutations for Mesh I

A. Determination of Transition AnGjle

The primary consideration for determining the transition

angles In the fuze related clock gear meshes is identical with

that used In Appendix F. The transition angle OT is established

as that angle for which, depending upon whether the input angle
has counterclockwise or clockwise motion, a small increase or

decrease in p, respectively, will cause the associated value of

g to become smaller than its transition value fp. Since the

gear of mesh I turns in a clockwise direction, the above inmre-

mont of p will be negative.

The program uses this criterion in the following manner,

(a) Transition angles OITI and OIT2 are computed according

to eq. (G-39).

(b) The subroutine TRANSI (which is valid for meshes in

which the input gear has clockwise rotationp as is the case

also for mesh 3) is called, and the angle PITI (PHIT), which is

associated with OITi, is computed with the help of eqs. (0-40)

and (G-41).

(o) The angle o is made slightly smaller than TITi to

produce the angle PHINEXT, and eq. (G-29) is used to find the

associated angle PSINEX. Since there are two such angles, the

I-5
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subroutine selects the one which is closest in value to the

transition angle OITI' Subsequently, the assooiated value of

g1l is computed according to eq. (G-27).

(d) Steps (b) and (o) are then repeated identically for

the second transition angle 0iT2' This results in the determina-

tion Of g 1 2 -

(e) Control returns to the main program, and that value

of OIT in chosen for which the associated value of S, is smaller

than fpi
PI,

For checking, a subsidiary test, which is similar to the

one shown in Appendix F, is added to the program. It is based

on the idea that, for the correot transition angle OITI the

line representing the flat portion of the pinion will make a

smaller angle with the oenterline 0102 than will be the ease

for the inoorrect one. TESTlI and TEST12 find these angles

with the help of the expressions shown below. These expressions

hold for all values of 01 and make use of a new variable

•est, which had to be introduced since the tests require that

the transition angles be expressed in a range between -1800 and

+1800. Thus,

For 00 < Otest < 1800

TESTi = In - 0i + Orest I opil (1-2)

For "1800 < Otest < 00

TEST12 = Ii + 1i - (Otest + 2¶" *p)

1-6



To determine the angle Otest, let

@test = @IT If -1800 < @IT < 180° (1-4)

Otest O LiT + 2w if OLT < "1800 (1-)

- ~.T 1800 (1-6)•, @~~test = IT -" 2•If OLT > 10 I6

B, Determination of o.rreot Siwn for Round on

Flat Regime

The sign preceding the square root in eq. (0•.29), for the

round on flat regime, is determined with the help of OIT' The

condition yielding that angle O1p which is closest to the angle

OIT governs. The variable SICNIF is used for the sign In

question,

C, Computation of Final and Initial Values of-9 and 1

The final and initial values of the gear and pinion angles

PI and 01, respootively, ,Are found b$ continuously evaluating

the round on flat regime eq. (0-29), using the previously

determined value of SIGNIF, and simultaneously checking the

contact condition for the subsequent set of teeth as given by

eq. (G-46). This loop is initiated at the transition angle PIT,

and it is terminated when the condition of eq. (G-46) is met.

This allows the determination of the angles PHIl'F and 1-3IlF?,at
which the first set of teeth loses contact,as well as of the angles

PHIlI and 16111 at which the second set of teeth simultanocusly

comes into engagement. The initial engagement angles PHIlI and PSI11

are obtained by adding 0,1 to the "loss of contact" angle PHIF i

.. •........... .....



and by subtracting a1 from the "loss of contact" angle PMIFF.

D. Determination of Correct Sigr. for Round on Round Reaime

Eq. (0-12) Is used to determine the angle 01, while the

gear and pinion are in the round on round regime. The correct

sign for this expresulon is obtained by comparing the value 01,

as computed with PH1111, with the value for PS111. SIONIR Is the

variable used for the desired sign,

V. Preliminary ComDutations for Mesh 2

A. Detoermination of Transition Anile

The primary criterion for determining the transition angle

Is again similar to that used in Appendix F and described earlier

for mesh 1.

(a) Transition angles 02TI and 02T2 are computed according

to eq. (0-79).

(b) The subroutine TRANS2, which is valid for meshes in

which the input gear has oounterolockwise rotation, is called,

and the angle 02TI, which is associated with 02T1 is computed

with the help of eqs. (G-80) and (G-RI),

(o) The angle 92 is made slightly larger than (2T1 to

produce the angle PHINEXT, and eq. (G-71) is used to find the

associated output angle PSINEX. Since there are two such angles,

the subroutine selects the one which is closest to the transition

value 02 1,' Subsequently, the associated value of 92 1 is

computed according to eq. (C-69),

1-8
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(d) Steps (b) and (c) are then repeated identically for I
the second transition angle 0'2T2' This results in the deter-

mination of 622'

(e) Control returns to the main program, and that value

of 02T in chosen for which the associated value of 62 Is smaller

than fy 2
p2.

The prooedure for the aesoolated subsidiary text tor the

transition angle is similar to that for mesh . and Is given by

For 00 < oelt < 1800

TEST21. 0 ¶ 2 + 'test + a.F2 I(.7

For -1800 < Otest < 00
TEST2•2 * " ('%.et + •2 + JP)I (1-8)

To determine the angle oteet. let

Otest 0'2T If "1800 C 02T < 1800 (1-9)

Otest 02T + 21 iT •2T < "180° (1-10)

@test 0 •2T 2" if 02T > 1800 (I-i1)

B. Determination of Correot Sign for Round on

Elat Regime

The sign preceding the square root in eq. (0-71), for tho

round on flat regime, is determined with the help of 92T. The

condition yielding that angle V27 whioh in olosest to the angle

02T governs. The variable SIGN27 Is used for the sign in question.

1-9
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C. Comvutat2on of Final and Initial VAlues of !P and 0

The final and initial values of the gear and pinion angles

'2 and 02, respectively, are found by continuously evaluating

the round on flat eq. (G-7i), using the previously determined

value of SIGN2F, and simultaneously cheoking the oontaot

condition for the subsequent met of teeth, as given by eq. (0-86).

This loop is initiated at the transition angle 92T and is tersi-

nated when the condition of eq. (0-86) is met, (Recall that In

meshem I and 3 the driving gear turns clockwise, while in mesh 2

It turns in a counterclockwise direction.) This allows the

determination of the two angles PH12F and PSI2FF at which the

first set of teeth loses contact as well as of the angles PH1121

and P3121 at which the second met of teeth simultaneously comes

Into contact, The Initial engagement angles PR121 and P3121

are obtained by subtractiri; A2 from the "loss of contact" angle

P112? and by adding •,;! to the "loss of contact" angle PSI2PP,

D. Determination of Correct Bign for Round on Round Regime

Sq. (0-58) is used to determine the angle 0'2 while the

gear and pinion are In the round on round phase of motion. The

correct sign for this expression is obtained by comparing the

value of 02, as computed with P11211, with the previously obtained

value for P8I21. SIGN2R Is the variable used for the desired

1-10
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VI. Preliminary Computations for Mesh 3

A. Determination or Transition Angle

The determination of the transition angles for mesh 3 runs

along parallel lines to the one shown for mesh 1 since the driving

gear also rotates In a clockwise direction, In all oases, the

parametors of section 3 of Appendix 0 are used.

(a) Transition angles 03T1 and 03T2 are computed with the

help of eq. (0-99),

(b) The subroutine TRANSI determines the angle q3T1'
associated with 03T1' aooording to eqs. (G-100) and (0-101).

(o) PHINEXT, which is now obtained by a decrease of the

angle T3 from 03T1I serves as the input variable of eq. (0-9g4),

and Is used to determine PSINEX. Appropriate controls, as

described before, determine the angle I'3Ti' In addition, the

associated value of g31 is computed with the help of eq. (0-95).

(d) Steps (b) and (o) are again repeated for the second

transition angle ý3T2 and g22 is determined.

(e) After control Is returned to the main program, that

value of 03T is chosen for which the associated value of g3 is

smaller than fP3'

The subsidiary test for the transition angles rune parallel,

to that described for mesh 1, i.e.,

For O° < Oteet < 180°

TEST31 - 3 + ýte.t "P (1-12)
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For -18 00 < Otest < O°

T1ST32. + 3 (Ntest + 21 " 1 I (P-33)

To determine the angle t*eet, let

O'test = €3T If -1800 < €03T < 1800 (1-14•)

€Otest 3T3T + 2 iT < .480° (1-15)

Otest = -3T " 1800 (1-16)

B, Determination of. Corregt SiMn for Round on Flat Rewime

The sign preoeding the square root in sq. (0-94), for the

round on flat regime, Is determined with the help of the angle

(3T' The oondition yielding that angle 03]F whioh is olosest to

the angle 03T will govern. The variable 81ON3P is used for the

sign in question.

C, Computatic:s of Final and Initial Values of 23a 3

The final and initial values of the gear and pinion angles

03 and 3 , respectively, are found by oontinuously evaluating

the round on flat regime eq. (G-94), using the previously

determined value of SIGN3F, and simultaneously oheoking the

oontact oondition for the subsequent set of teeth, as given by

eq. (G-102). This loop is initiated at the transition angle

03T, and it In terminated when the oondition of eq. (G-102) is

met, This allows the determination of the two angles PHI3F

and PSI3PF at whioh the first met of teeth loses oontaot as well

1-12 V
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as the angles PHI3I and PSI1I at which the second set of teeth

simultaneously comes into contact. The initial engagement

angles PHI13I and PSI31 are obtained by adding A"3 to the "loss

of contact" angle PHI3F and by subtracting AO 3 from the "loss

of contact" angle PSI3FP.

D. Determination of Correct SIgn for Round on Round Regime

Eq, (G-8?) is used to determine the angle 03 while the gear

and pinion are in the round on round phase of motion. The

correct sign for this expression is obtained by comparing the

value of 031 as computed with PHI13, with the previously obtained

value for PS13I. SIGN3R is the variable used for the desired sign.

VII. Gear Train Notion Model, Kinematics. Point and

Cycle Efficiency

The simulation of the gear train model, which is necesoary

for the computation of both POINTEP and CYCLEFF, is found in a

loop, starting with statement label no. 29 (card no. 458) and

ending with card no. 812. The motions of the individual driving

gears are initialized at their respective angles PHIII, PHII2 and

PHI13I. (This again is arbitrary.) The meehes will be in round

on round contact until they reach their respective transition

angles PHrIT, PHI12T and PHO3T. Once the transition angles are

passed, the meshes will be in round on flat contact, These

regimes continue until the final angles PHI.F, PHI2P and PH13?

are reached.

The increment DDPHIi of the angle PHI1 of the input gear 1
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is obtained from an adaptation of eqs. (A-211) and (A-213), in

which tooth numbers, rather than base circle radii, are used.

The increment DDPHI2 of gear 2 is related to the increment of

the pinion angle PSI1. Similarly, the Increment DDPHI3 is

obtained with the help of the pinion angle PS12.

While the motion of gear 1 ts terminated when the angle

PHI1 reaches the angle PHIlF (or rather PHII? + DDPIIl for

moment summation purposes), both gears 2 and 3 must be reset

to their respective starting angles whenever their final angles

PHI2F and PHI3P are reached,

The appropriate choice of moment equation depends upon

which of the eight possible combinations of contact conditions,

as indicated by Table H-1, is applicable.

The following discusses the kinematics of the individual

meshes as well as the determination of the point and cycle

efficiencies in greater detail,

A. Kinematics

(Io' Mesh 1

Depending on whether PHIl is larger or smaller than PHIlT,

the parameters of the round on round or the round on flat regime

are computed. (Recall that gear I turns in a clockwise direction.)

Por the round on round phase, the following calculations

are made,

1-14

SJ

.... . . ...... .



q'i' according to eq. (G-11), and with the help of the previously

determined SIGNIR

ki, according to eqs. (G-13) and (G-14)

0i, according to eq. (G-15)

VSI/T1R, according to eq. (G-20)

sIR, according to eq. (H-I) as adapted to mesh 1

For the round on flat phase, the following calculations

are made,

0, according to eq. (G-29), and with the help of the previously

determined SIGNiF
gl, according to eq. (G-27)

0 according to eq. (G-30)

VS1/T1F, according to eq. (G-33)

'Ii, according to eq. (H-2) as adapted to mesh 1

(2) Mesh 2

The increment DDPHI2 for each round of computation is

obtained with the help of the change in the angle 01 between

the present and the previous computation, I.e.,as shown at

statement label no. 31

DDPHI2 * PS11 - PSIIP (1-17)

For the first round of computations, the "previous* 01, i.e.,

PSI1P, is equal to PS111.

It must be recalled that gear 2 rotates in a positive

direction, and therefore, the angle 02 increases with continued
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motion. The angle P9I2 is re-Indexed to PHI2Z once it becomes

larger than PHI2F.

As for mesh lcomparison with the transition angle

decides whether the mesh is in the round on round or in the

round on flat regime.

The following round on round parameters are calculateds

02' according to eq. (0-58), and with the help of the previously

determined SIGN2R

k2, according to eqs. (G-59) and (G-60)

Note that the "input angular velocity" for mesh 2, i"e.,- 2 1

equals the momentary value of P1.

;12, according to eq. (G-61)

VS2/T2R, according to eq, (G-63)

62R, according to eq. (H-i) as adapted to mesh 2

For the round on flat phase, the following calculations

are madet

02' according to eq. (0-71), and with the help of the previously

determined SIGN2P

g2, according to eq. (G-69)

Again, ;2 equals the momentary value of ;I

3,2, according to eq. (G-72)

VS2/T2F, according to eq. (G-74)

52F, according to eq. (H-2) as adapted to mesh 2
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()) rMesh 3

The increment DDPHI3, for each round of computation, is

obtained with the help of the change in the angle 02 between

the present and the previous computation, i.e.,as shown at

statement label no. 331

DDPHI3 - PS12 - PS12P (1-18)

For the first round of computations, the "previous" *2 1 "ao",
PS12P, Is equal to PS121,

Gear 3 rotates in a negative (olockwise) direction, and

therefore, the angle v3 decreases with continued rotation.

The angle PIH3, which represents this angle, is re-indezed

to PR131 once it becomes smaller than PSI13).

As for meshes I and 2, comparison with the applicable

transition angle decides whether the mesh in in the round on I
round or in the round on flat regime,

The following round on round parameters are oaloulatedo

S3' according to eq. (G-8?), and with the help of the previously

determined SIGN3R

k3' according to eqs. (G-89) and (G-90)

Note that the "input angular velocity" for mesh 3, i.e., (P3,

equals the momentary value of

ý30 according to eq. (G-91)

according to eq. (G-92)

83R# according to eq, (H-i) as adapted to mesh 3

I-i--
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For the round on flat phase, the following calculations

are made,

4'3, according to eq. (G-94), and with the help of the previously

determined SIGN3F

930 according to eq. (G-95)

Again, 43 in equal to the momentary value of J2 .

P•3 . aooording to eq. (G-96)

VS3/T3P, according to eq. (G-97)

s3p, according to eq. (H-2) as adapted to mesh 3

B. Moment Computations. Point and C-ole Eftioienole.

Regardless of the combination of contact conditions, the

point effilienoy is computed acoording to eq. 1, i.e.,ss

Sp a POINTE Krat(o o (1-19)

where, with - -1,

"atio - tI (1-20)

The cycle efficiency determination is based un eq. (C-1O)

in Appendix C, which represents an adaptation of eq. (4)o

cc .. - (1-21)

(See page C-18.) The associated expression in the program, at

statement label no. 4•5 becomes

1-18
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CYCLEPF . -MTOT.DDPHIl/(PHIiP-PHIII) (1-22)

where

MTOT = MTOT + POINTEF (1-23)

The moment computations begin with the statement label

no. 35 ,and initially consist of the determination of the

variables Al to A64 and C1 to C32 of section I of Appendix H.

The governing contact combination (see also Table H-1) is

determined with the help of the 8 moment control statements,

which start with card no.737 . Once the appropriate combina-

tion is established, the program is directed to one of the 8

associated moment expressions. These expressions for X.41.

coincide in nomenclature with those given by eqs. (H-81),

(H-118), (H-158), (H-180), (H-216), (H-218), (H-239) and (H-2 4 1).

They are listed in the above order, beginning with statement

label no. 36 and ending with statement label no. 4.3

In devising the control statements, the manner of rotation

of the individual mesh input gears had to be taken into account.

Thust

For mesh 31

Round on round (R) corresponds to

PH131 > PH13 > PHI3T

Round on flat (F) corresponds to

PHI3T > PH13 > PH13P

1-19
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For mesh 21

Round on round (R) oorresponds to

PH121 < PH12 < PH12T

Round on flat (F) oorresponds to

PHI2T < PH12 < PH127

For mesh It

Round on round (R) corresponds to

PKIII > PI•I > MHIT
Round on flat (F) corresponds to

MIT > PHI1 > PHII?

a, 0 t.ut (see Program CLOCLK 3pbelow)

The output of the program Is best explained with the help

of the sample problem at the end of the program.

I. lnaut Paramotovs

CAPRPI * Rp1  m .47725 In., (1.212 cm).

RP2 P2 .09085 In. (0,231 cm)

ACGI Aol *.47725 in. (1,212 cm)

ACPI * ap, n ,09085 In. (0,231 co)

RHOI POl = .03870 In. COO0s cm)

RHOPI , PPI  a .01740 In. (0.044 ce)

TG n to1  * .03480 In. (0.088 c")

TPI w tp 1  w .02800 In. (0,071 cW)

NOl = nn1• * 42

NP2 . np2  * 8

1-20
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CAPRP2 w R - .20670 in. (0NI2S cm)

RP3 r3 .06890 in. (0.175 cm)

ACO2 - a(2 * .20670 in. (0,525 cm)

ACP2 ap2 .06890 in. (0.17s cm)

RH0O2 - P0 2  * .02070 In* (0,03S cm)

RHOP2 pp .01040 in. (0.026 cm)

T02 * t0 2  . .02520 In, (0,064 cm)

TP2 - tp2 .02080 in, (0.0SS cm)

N02 n n 0 2  w 27

NP3 nP3 = 9

CAPRP3 u H .3 .17560 in. (0.446 cm)

RP4 rp .05905 In. (0.1S0 am)

A003 & *03 - .17560 In. (0.446 cm)

AC5 P aF 3 .05905 In. (0.1S0 cm)

RHOG3 * * .01910 In, (0,049 cm)

RHOP3 - P3 * ,00875 In. (0.022 cm)

T03 w t 02170 In. (0,0SS cm)

TP3 w t, 3  # ,01750 In. (0,044 cm)

N03 " n 3  27

N4 In n p4 9

In addition

MU , i • .2

RPM * 1000

Ml n, .69515 x 10"4 lb-oeo2 /in. (12.171 9)

1-21
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M2 72 09?28 x 10 lb-seo2/in, (1.699 S)

M3 " m3) . .70027 z 10 lb-seo2 /in, (1.226 s)

M4 . %4 . .?9188 i0-6 - 2/*no (0.159 S)
.. Wt V4 1 0 . 750 in. (1.905 am1)

R2 a T -. .750 In. (1.9os cm)

,3 - , .750 in. (1.905 cm)

R4• '4 - .?50 In. (1.90S cm)

RHOI o P1  u .060 InI(O.1S 2 cm)
fRH02 u P2 " ,030 In,(O,076 ram)

RR0 P3 025 InJ.(0064 ram)
U

RHO4 w P4 .020 In.(O,0Sl cm)

MD * md . .15 x 10 -4 lb-moo2 in. (16.944 g "a 2 )

I I. 2ofmYtIed values

At the beginntng of the output, one finds MIN Nin "e

Subsequently, the following are listed for eaoh mesh,

?pI, the length of the pinion flats

pit the tfxe body pivot to pivot line angle@

*TI and PTI, the transition angles an well as the associated

subsidlary tesat

91N, and *IN,, the Initial angles

PpriC ald Opri't the final angle.

Pinally, for the full range of the input angle ol, the

point effiolenoy POINTIP is listed, in addition to other parameters

whioh are useful for oheoking purposes, Note that DP8I1, DPSI2

1-22
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I

I and DPS13 represent *1, ý and ;30 respectively* The cycle

J

efficiency CYC UF In .fonda te Un ofth output.
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2. Prjr, CLOCK 41 ?2int and Crole 3ff&21*Goiee for TWo PfiusI

Clook (Ogival) Steg-pU Geor Twaln In

Spin EnvIronmlnt

The kinematics ot program CLOCK 4•s l again based on the

work in Appendix G. The moment input-output relationships are
derived in section 2 of Appendix He This program Is In manyr"i

ways very similar to CLOCK 3 with the exception that only two

meshes are involved, and therefore, wherever possible, reference

will be made to CLOCK 3. Again, it Is assumed that the two

meshes will have been tested by program CLOCK I for their
geometric suitability. The format of the following Is Identical

!I
.1.Kto that used in section I of this appendix* For the make of

clarity, it will be helpful to refer to these parallel I
descriptions.

a. Input Pa,,meters (set Program CLOCK 4, below)

The following parameters represent the input data for the '

program (for explanation, refer to section Ia of this appendix)i

MU

RPM

CAPRPI, CAPRP2, RP2, RP3

RHOOl, RHOG20 RHOPI, RHOIP

ACOI, ACG2, ACPI, ACP2

RM, R2, R3 0

TGMe TG2, TPI, TP2

NG1, NG2, NP2, P•P

lRH0, RHO2, RH03

I-so
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Mi, M2, M3 I
MD •

P=DOT -1

b. ComMtatlions (see also COMMENT oardn in program)

1. Computation af .Gear Tooth Parameters ' ".

The required oomputations are identioal to those in CLOCK 3.

Il. Computation 2f MIN. GAMMAS and BSTA3

The input moment is oomputed in the manner of eq. (I-1).

In addition, the angles y2f Y3 0 01 and 02 are found according

to the expressions given in section 6b of Appendix A,

II. Computgtion of Other Parameters

The computation of the angles Av and •%, the length Li

am well as the centrifugal forces Q1 9 Q2 and Q3 (called Q3p

by eq. (H-245)) are identical to those demoribed In the parallel

section dealing with CLOCK 3.

IV. Preliminary Cgmputatlonx for Mesh I.

The preliminary computations for mesh I are Identical to

those given in seotion I-.IV of this appendix,

V. freliminary Comyutations for Memh 2

The preliminary oomputations for mesh 2 are Identical to

those given in section i-V of this appendix.
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VI. Gear Train Motion Models Kinematics. Poilnt and N

Cycle Efficienoies

The simulation of the gear train model, which is necessary

for the determination of both POINTEP and CYCLEPP, is found in

a loop starting with statement label no.20 and ending with

card no. 51, The motions of the Individual driving Sears are

initialized at their respective angles PH1lI and PH121. The

meshes will be in round on round contact until they reach their

respective transition angles PHIIT and PRIMT. After the transition

angles are passed, the meshes will be in round on flat contact.

These regimes continue until the final angles PEIIF and PH12P

are reached.
The increment DDPHI1 of the input gear 1 Is obtained from

an adaptation of eqs. (A-207) and (A-208), in which tooth numbers,

rather than base circle radii are used. The increment DDPHI2 of

gear 2 is related to the increment of the pinion angle PS11.

While the motion of gear I is terminated when the angle

PRIl reaches the magnitude PHI1 (or rather PHZ11 + DDPHX1 for

moment summation purposes), gear 2 must be reset to Its starting

angle PH2I whenever its final angle PHI1F has been reached.

The appropriate choice of moment equation depends upon

which of the four possible combinations of contact conditions,

as indicated by Table H-2, is applicable.

The following discusses the kinematics of the individual

meshes as well as the determination of the point and cycle

effioiencies where they differ from the description in section I

of this appendix.
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A. Kinematics

The program only utilizes the kinematios of meshes 1 and 2.

These are identical with those for program CLOCK 3, as given in

section 1.

B. Moment Computationh, Point and Cycle Eftticenoies

Regardless of the oombination of oontaot oonditions, the

point effioienoy is computed aooording to eq. (3), ie. ,

op * POINTEP (rati !Out (1-24)

where, with .* -1

Kratic o 2 (1-25)

The cycle effioien•y determination Im based on eqs. (1-21)

to (1-23).

The moment computations begin with the statement label

no.24 , and initially consist of the determination of selected

variables between All and A72 and seleoted variables between

C6 and 036, as applicable to the analyses of seotion 2 of

Appendix H. The governing oontaot combination (see also

"Table H-2) is determined with the help of the four moment
1'I oontrol statements, which start with card no,498 0. Onoe the

appropriate combination is established, the program Is directed

to one of the four assooiated moment expressions. These

expressions for M031 ooinoide with those given by eqs. (H-260),

(H-261), (H-277) and (H-278). They are listed in the above
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order beginning with statement label no. 2 5 and ending with

statement label no. 2 8

The rationale of the oontrol statements for meshes I and 2

Is Identical to that given for program CLOCK 3 (see section

1-VIIB of this appendix).

0. ONtu, (.see Proram CLOCK 4L below)

The output of the progrnw is best explained with the help

of the sample problem at the end of the program.

I. Ingut ElrameteEs

I' Ilash I.

CAPRPI - Rp1  * .47725 In. (1.212 cm)

RP2 rp 2 * .09085 in. (0.231 cm)

ACOl a a01  - .47725 in. (1.212 am)

ACPI - ap, * .09085 in. (0.231 am)

RHOOl = p0 1 - .03870 In. (0,098 cm)

RROP I p .017?40 in. (0,044 am)

TGI = to 1  = ,03480 in. (0.088 cm)
TPI tl P1 .02800 in. (0. 71 am)

NGI a no, a 42

-NP2 • np2 u 8

Mesh 2

CAPRP2 w Rp2 u .2o670 in. (0,S25 cm)

RP3 - rp3 - ,06890 in. (0.175 cm)

ACG2 * a0 2  * .20670 in. (0.525 cm)

ACP2 * aF2  w ,06890 in. (0.175 cm)
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RHOG2 a PG2  = .02070 in. (0.053 cm)

RHOP2 m - pe m .01040 In. (0.026 cm)

TG2 w t -, .02520 in. CO.064 cm)

TP2 = tp2 , .02080 in. (0.053 cm)

NG2 an 2  . 27

N P3 w nI p3 , 9

In addition

MU. .2

RPM - 1000

MI = mI = .69515 z i0"4 lb-xeo2 /in. (12.171 S)

M2 * m * * ,97028 x 10"5 lb-eo 2/ln. (1.699 g)

M3 - m3 " .10780 x 10-5 lb-seo2 /in. (0.1.89 g)

RI a *1 .750 in. (1,905 cm)

R2 0 " .750 In. (1,90S cm)

R3 " .750 in. (1.905 cm)

RHOl m PI m .060 in. (0.152 cm)

RH02 - P2  0 .030 In. (0,076 cm)

RH03 = Pý 0 .025 In. (0,051 cm)

MD - mdZ - .15x I0"' lb-aso 2 in. (16.9440 - cm2)

K * 25

IN. Computed Values

At the beginning of the output, one finds MIN * Min.

Subsequently, the following are listed for eaoh mesht

fpil the length of the pinion flats

Pio the fuze body pivot to pivot line angles
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*T1. and 9 TI, the transition angles as well as the associated

subsidiary tests

9INI and *IN' the initial angles

9 FINI and 'FINI, the final angles

Finally, for the full range of the input angle vj, the

point efficiency POrNTEF is listed, in addition to other parameters

which are useful for checking purposes. Note that DPSI1 and

DP$12 represent 41 and ý.. respectively. The cycle efficiency

(YCLEPP is found at the end of the output.

1-56



Program CLOCK 4
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